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Abstract

Neural networks have become integral to numerous computational tasks, yet their substantial re-

source demands pose significant challenges. Quantisation techniques have shown promise in reduc-

ing the computational load during neural network inference. However, the efficiency of these tech-

niques is often constrained by the necessity for uniform quantisation, in order to facilitate efficient

arithmetic particularly when deployed onto GPUs. PolyLUT, a novel lookup table (LUT)-based

neural network deployment strategy, offers a solution by encapsulating neurons into input-output

bit mappings, thereby mitigating the costs associated with non-standard data-type conversions

and arithmetic. This project investigates the application of non-standard data representations

within PolyLUT, focusing on parameterised non-uniform quantisation schemes that enable data

representation learning. The findings show that learned non-uniform quantisation can improve

network performance such that test accuracy is higher than uniformly quantised networks with

larger bit-widths. Therefore, networks can be deployed with lower bit-widths with no accuracy

loss, resulting in significant resource reductions. In some cases resources were reduced by a factor

of two with no accuracy loss.
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1
Introduction

Contents
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Aims and Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

This report begins with a background on the necessary theory relating to quantisation, neural

networks, and PolyLUT. Subsequent sections discuss the design and implementation of various

quantisation schemes and the rationale behind their selection. The key development of this project,

namely the learnable non-uniform quantisation scheme, is presented, analysed and evaluated in a

separate chapter. Finally, the overall results are presented, discussed, and evaluated.

1.1 Motivation

The incorporation of Machine Learning in modern technology continues to grow every year. Neural

networks in particular have been at the forefront of recent breakthroughs in AI. Both of these

points are explored further in Section 2.1. However, a significant limitation of neural networks is

the large computational load required to train and deploy them effectively, which can limit their

accessibility and scalability for real-time applications and for organisations with limited resources.

This high computational demand often results in considerable energy consumption, which not only

increases operational costs but also raises environmental concerns. One method to mitigate the

computational load of a neural network, is quantisation (explored in Section 2.2 and Section 2.3).

Quantisation in neural networks aims to reduce the computational load, whilst maintaining the
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task performance of a high precision network. In other words, the goal of neural network quanti-

sation is to reduce the number of bits required to represent the signals within the neural network,

whilst maintaining the expressive capabilities of the network such that the task performance does

not decrease. This poses a significant research challenge, and many researchers have proposed

different techniques to implement quantisation on neural networks [1]1.

Quantisation schemes (Section 2.2.2) can largely be divided into uniform, and non-uniform

quantisation. Whilst non-uniform quantisation can be used to obtain the minimum squared quan-

tisation error via the Lloyd-Max algorithm [2][3], deploying such a quantisation scheme is often

costly. This is because whilst uniform quantisers have standardised hardware, a non-uniform quan-

tiser requires logic specific to the exact quantisation scheme being implemented. Therefore, if one

wishes to quantise each layer’s activation in a neural network with its own non-uniform quantiser,

the cost may outweigh the benefit.

This however, is not the case for neural networks such as PolyLUT (Section 2.5), where the non-

uniform quantisation can be absorbed into the lookup Table (LUT) mapping, thereby incurring

no additional cost. Furthermore, LUT-based deployment strategies such as PolyLUT suffer from

exponential scaling of resource usage as the bit-width of activations and inputs grows. Therefore,

PolyLUT in particular benefits significantly from quantisation efforts.

As a result, the aim of this project is to explore the use of non-standard data representations in

PolyLUT inference. Note that because the PolyLUT framework absorbs all of a neuron’s operations

into the LUT mapping, quantisation is only applied to neuron activations. Therefore, the scope of

this project is limited to quantisation of neuron activations.

1.2 Approach

Non-uniform quantisation encompasses all quantisation algorithms where the quantisation intervals

are not of constant size. This is a broad category, and as a result there are many different quanti-

sation schemes that could be explored. In this project, a few schemes were specifically chosen, and

then a general framework was developed to implement an arbitrary non-uniform quantisation per

layer or per neuron. This is explored further in the latter chapters of this report.

The quantisation schemes were developed to be compatible with the PyTorch framework [4]. To

that end, custom software classes were created which emulate quantisation by changing floating-
1In this project, quantisation in neural networks is limited to scalar quantisation.
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point data to specific fixed values - in other words, the corresponding quantisation levels. This

allowed for network training and inference to be done on CUDA [5] devices.

When using the aforementioned non-uniform quantisation schemes, various approaches may be

considered. These are categorised into the following: quantisation aware training (QAT), post-

training quantisation (PTQ), and QR (Sections 2.3.1, 2.3.2 and 2.3.3 respectively).

Quantisation error (Section 2.2.1), can be analysed with various distances. These include Mean

Squared Error (MSE) or Mean Absolute Error. However, the most relevant metric is the accuracy

of the network, or the task loss. This is because whilst some quantisation schemes may have a

high quantisation error, that does not always result in worse task performance. Therefore, in this

project the best quantisation scheme is considered to be the one which yields the best network task

performance, measured by the accuracy achieved on the test dataset.

1.3 Aims and Objectives

The objective of this project is to improve the predictive capabilities of low-precision neural net-

works by reducing the negative impact of quantisation when applied to layer activations.

In current neural network implementations, quantisation is implemented as a means to reduce

the cost of deploying the network onto hardware (as explained in Section 2.3). Whilst various

quantisation schemes are used, a standard implementation is uniform quantisation (described in

Section 2.2.2).

The hypothesis driving this project is that uniform quantisation may not always be the ideal

scheme to apply to a layer’s activations. On the contrary, the quantisation scheme that results in

the best network performance is likely to depend on the distribution of the activations themselves.

To investigate this hypothesis, this project aims to conduct a quantitative exploration and anal-

ysis of the effects of various low-precision quantisation schemes on neural networks. This analysis

is then intended to be used to develop an automated framework which can implement and opti-

mise low-precision quantisation schemes during training, such that the quantisation scheme can be

learned to improve task performance.
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The key deliverable of this project is a methodology compatible with a modern machine learning

library such as PyTorch [4], which applies quantisation and optimises the quantisation scheme

during network training. The scope of this project is limited to feed-forward neural networks. To

be considered successful, the methodology should, when implemented, demonstrate a consistent

improvement to network task performance.

Additionally, this enhancement should be achieved without significantly increasing resource

usage. This criterion ensures that the methodology not only enhances task performance but also

maintains efficiency in terms of computational resources. Achieving this balance is important for

the practical application and effectiveness in real-world scenarios.
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2.1 Machine learning and Feed-forward Neural networks

Machine learning is a field of artificial intelligence that encompasses the development of algorithms

which allow computer-based systems to perform tasks without specifically being programmed.

Machine learning algorithms revolve around the concept of learning from data. This contrasts

traditional programming where instructions are explicitly written by a designer.
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Feed-forward Neural networks are machine learning models that employ a network of connected

nodes, called neurons organised into layers, as shown in Figure 3.1. How neural networks are placed

within the artificial intelligence field is illustrated in Figure 2.1.

Neural networks have been shown to achieve good performance when compared to traditional

algorithms on several tasks including Image Classification [6], Natural Language Processing [7]

and Generative Models [8]. Neural networks with as little as one hidden layer can be shown to

be universal approximators [9], roughly meaning that they can approximate any function to an

arbitrary level of accuracy (given that the layers are sufficiently wide). Neural networks generally

have better accuracy when layers are wider [10] (meaning layers have more neurons), and the

network is deeper [11] (meaning there are more layers in total).

Figure 2.1: Neural networks within the Artificial Intelligence hierarchy

2.1.1 Neurons

As mentioned previously, neural networks employ a series of connected nodes called neurons.

Neurons, depicted in Figure 2.2, are defined by their weights, bias and activation function. Each

neuron can be connected to several inputs and will have a single output. Each of these inputs will

have a corresponding weight parameter.

Inputs fed into the neuron are multiplied by their corresponding weight parameter and then
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summed along with an additional parameter called the bias. The resulting value is then fed into a

nonlinear activation function.

Figure 2.2: A standard neural network neuron

2.2 Basic Quantisation Theory

Quantisation can be described as the mapping of a set of continuous real-valued numbers across

a finite discrete set of numbers. In this report, this finite discrete set is sometimes called the

representable range. Quantisation was essential to the evolution of digital electronics and has been

studied for more than half a century. Gray and Neuhoff offer a comprehensive overview of the

history of quantisation and present the information clearly in their 1998 survey [12].

The goal of a quantisation algorithm can be viewed as firstly minimising the difference between

the output of a computation using these discrete values, and the output of the same computation

but using the continuous real values. And secondly to do so whilst also minimising the number of

bits used to express the set of discrete values.

Quantisation is always necessary for computer arithmetic to work since the number of bits for a

given data type must in practice be finite. However, as data types have more bit-width, the effects

of quantisation are less disruptive. For example, the precision of 32 or 64-bit floats is such that

in most use cases, the quantised value represented by the float is often considered to be negligibly

close to the real value it is approximating.

However, in some use cases, bit-widths are far more limited. For example, 8-bit data types are

commonly used in embedded systems applications due to limitations in compute and memory. In

these cases, the difference between the real continuous set and the discrete representable set can
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be significant. As a result, at smaller bit-widths, it is important to consider the data type used,

which in turn can decide the quantisation scheme used.

2.2.1 Quantisation error

Quantisation error is the difference between the original real-valued number and the result after

quantisation. Assuming the quantisation scheme does not allow for overflows, quantisation error

can be divided into 2 sources - error due to clipping and error due to rounding - these are depicted

in Figure 2.3. The term clipping refers to the bounding of a value between the maximum and

minimum values of a representable range. Therefore, clipping occurs when a value is beyond the

representable range of the quantisation scheme. When this is the case, the quantised output is

chosen to be the closest bound of the representable range.

In some quantisation schemes such as quantisation to floating-point representation, when values

beyond the upper limit of the representable range are encountered an error is thrown to let the

user know that the value is beyond this range. This is because whilst error due to rounding is

bounded, error due to clipping is unbounded. Therefore, in some applications, it is arguable that

throwing an error is more suitable than clipping.

Rounding occurs when the input to quantisation lies between levels in the representable range.

Via a rounding algorithm, the value is quantised to one of the two nearest quantisation levels. The

specific rounding algorithm used can vary, but a common implementation is round to nearest-even.

This is where the value is rounded to the nearest quantisation level and if it is exactly halfway

between the two levels, it is quantised to the even level. In this scheme, the term even refers to

the binary representation of the levels, therefore the level is even if the least-significant bit is zero.
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Figure 2.3: Error due to clipping and error due to rounding when uniform quantisation is applied

2.2.2 Quantisation schemes

A quantisation scheme is an algorithm that is followed to apply quantisation. A very common

scheme is fixed-point quantisation otherwise known as uniform quantisation1. In this scheme, a

real-valued range is divided into intervals of constant width. This can be seen in Figure 2.4a.

Fixed-point quantisation can be extended with the idea of a bias2 and a scale. When using a scale

and a bias, sometimes referred to as a zero point, the following formula is used to quantise an

input:

Q(R) = round
(

clipB

(
R− Z

S

))
(2.1)

Where R represents the real and continuous input, Z represents the bias or zero point and S

represents the scale. Furthermore, the clip(x;B) is defined as follows for signed quantisation:

clip(x;B) =


x if |x| < B,

sgn(x)×B otherwise.

The boundary, B is equal to the maximum representable value of a signed integer for the

number of bits used in representation of the quantised output. By changing the zero-point, one
1In this report, the terms fixed-point quantisation and uniform quantisation are used interchangeably.
2Note that here bias refers to a completely different concept than when used in the context of a neuron’s output.
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can obtain asymmetrical clipping.

In unsigned uniform quantisation, clipping is defined slightly differently:

clip(x;B) =


0 if x ≤ 0,

x if 0 < x < B,

B otherwise.

In this case, B is equal to the maximum representable unsigned integer for the number of

bits used. This results in the following equation being used to return a value from its quantised

representation:

Output = Y × S + Z (2.2)

where Y refers to the integer value of the bit-string used to store the quantised representation.

The scale, S, allows for the size of the quantisation interval to be changed, and the zero point,

Z, allows for shifting of the representable range. However, fixed-point quantisation is limited by

the fact that all the quantisation intervals are the same size. This means that across a large range,

whilst the absolute error due to rounding is constant, the relative error changes. Relative error

is defined as the ratio of error from rounding to the number being rounded (the input to the

quantiser). This is also known as the signal to quantisation noise ratio.

On the other hand, floating-point quantisation has varying absolute error, but constant relative

error. This is because the quantisation intervals are not constant - they increase with the magnitude

of the quantisation level. Floating point quantisation is an example of non-uniform quantisation,

which is depicted in Figure 2.4b.

2.2.3 Companded Quantisation

Companded quantisation is a form of non-uniform quantisation implemented using a transform,

a uniform quantiser, and the transform’s inverse. Whilst some non-uniform quantisers are imple-

mented by specifically choosing the quantisation levels, companded quantisation works by trans-

forming the input and then passing the result through a uniform quantiser. The output of the
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(a) Uniform quantisation
(b) An example of non-uniform quantisa-
tion

Figure 2.4: Depiction of uniform and non-uniform quantisation

uniform quantiser is then passed through the transform’s inverse which obtains the final quan-

tised result. Figure 2.5 illustrates the process (note that this figure considers the positive domain

only - negative values are clipped to zero). Companded quantisation has been shown to be able

to represent any non-uniform quantiser, given the input is bounded [3]. Further examples and

mathematical reasoning about companded quantisation can be found in [3].

Figure 2.5: Implementing a non-uniform unsigned quantisation scheme through companding tech-
niques.

2.2.4 Fixed-point quantisation with Brevitas

In this project, fixed-point quantisation was implemented using the Brevitas python package by

Xilinx [13]. The Brevitas quantiser converts the floating-point outputs of the neural network node

into a fixed-point representation along with a scale and bias value as explained in Section 2.2.2.

The scale can be determined from statistics collected about the input to the quantiser at runtime.

These can include things such as the max, the range or the absolute range. Otherwise, the scale
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can be a learnable parameter which is updated via back-propagation and initialised using these

runtime statistics. In this report, when using runtime statistics, the scale is calculated via the

following formula:

Scale =
|Max(D)− Min(D)|

2β
(2.3)

Where D is the data being input to the quantiser and β is the number of bits in the quantised

representation. Note that Scale was denoted by S in Equations 2.1 and 2.2.

To enable the scale to be a learnable parameter, the quantisation function must be continuous.

However, fixed-point quantisation in the form described in Equation 2.1 does not have a continuous

gradient because the round and clip operations are not continuous. As a result, the gradients

of these operations must be approximated with a straight-through estimator (STE) [14], which

means that the partial derivatives for these functions are equal to 1.

∂ round(x)
∂x

=
∂ clip(x)

∂x
:= 1

By doing this, the derivative of the scale (and the bias) with respect to the loss are computable,

which means that both these parameters can be learned via back-propagation.

2.3 Deep Neural Network Approximation

Although Deep Neural Networks (DNNs) can provide good performance on various tasks, they have

high computational costs. Examples of successful neural networks such as AlexNet [6] required

over 60M weights and over 700M multiply-accumulate instructions. As a result, there has been

considerable effort to reduce this computational cost. Architectures such as MobileNets [15] were

able to achieve good accuracy with far less cost via various optimisations. As a result, MobileNets

was significantly more feasible for deployment on low-compute devices such as mobile phones.

Quantisation is a form of neural network approximation that has been shown to yield a reduction

in resource usage and an increase in throughput [1][16]. This is because quantisation reduces

computational cost in multiple ways. Firstly, smaller data widths result in lower interconnect

bandwidth requirements when moving data and lower memory requirements when storing data.
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Bandwidth and memory are integral to neural network performance [17] because of the constant

movements of weights and gradients to and from storage. Secondly, smaller data widths also enable

the use of smaller arithmetic units resulting in lower latency and resource cost. This is because,

with smaller arithmetic units, one can pack more units into the same area, resulting in higher

parallelism and thus higher throughput.

In the PolyLUT case, although no arithmetic units are required, quantisation reduces the

resource cost massively since smaller bit-widths result in smaller LUTs. In general, quantisation

on neural networks can roughly be categorised into the following three categories.

2.3.1 Quantisation-aware Training

QAT is a technique used to improve the performance of quantised neural networks by simulating the

effects of quantisation during the training process. In QAT, the forward pass of the network includes

quantisation steps, which means the signals, such as weights and activations, are quantised as if

the network were running in inference mode. This allows the network to learn how to compensate

for the errors introduced by quantisation.

During QAT, the gradients are computed using the unquantised weights. This process is of-

ten facilitated by the use of STEs, which approximate the gradients of the uniform quantisation

function by setting them to one (as explained in Section 2.2.4). By including quantisation effects

during training, QAT helps in minimising the loss in accuracy that typically occurs when a network

is quantised after being trained with full precision weights.

QAT is particularly useful for low bit-width quantisation where the quantisation errors are

larger. It has been shown to significantly improve the accuracy of the quantised model compared

to models that are quantised post-training [18]. This trend is also seen in this project’s experiments

(Section 5.6). The technique is widely used in scenarios where maintaining high accuracy is crucial,

such as in mobile and embedded applications where computational resources are limited [1].

2.3.2 Post-Training Quantisation

PTQ is a method where a pre-trained neural network model is quantised after the training process

is complete. This approach does not require modifying the training procedure and can be applied

to any trained model. PTQ typically involves converting the weights and activations from floating-

point to a lower bit-width representation, such as 8-bit integers.
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The process of PTQ may include calibration using a small subset of the training data to

determine the optimal scaling factors for the weights and activations. These scaling factors are

important as they ensure that the dynamic range of the data is appropriately captured within the

limited precision of the quantised format. The calibration step helps in reducing the quantisation

error and improving the overall performance of the quantised model [19]. In this report’s PTQ

experiments (Section 5.6), the calibration of the scale is implicitly done via the Brevitas Runtime

statistics scaling implementation (Section 2.2.4).

PTQ often performs worse than QAT, and may lead to a significant drop in accuracy, especially

when aggressive quantisation (quantisation to very low bit-widths) is applied. Despite this, PTQ

remains a popular choice due to its simplicity and ease of implementation [20]. PTQ has the added

benefit of being financially cost-effective, since no retraining or fine-tuning is required to quantise

a model which is important in large networks with large datasets such as LLMs where retraining

can be very expensive.

2.3.3 Quantisation with Retraining

QR is a technique that combines elements of both QAT and PTQ. In this regime, a model is first

trained using high precision. After the initial training, the model undergoes quantisation to reduce

the bit-width of the weights and activations. Subsequently, the quantised model is fine-tuned using

a few additional epochs of training. This has been shown to yield improvements in network task

performance [21].

The fine-tuning phase aims to recover any accuracy lost during the post-training quantisation

step. By exposing the model to training data and allowing the weights to adjust within the

quantised constraints, the model can learn to mitigate the quantisation errors. However, it is more

expensive than PTQ, since as mentioned previously, for large models retraining can be expensive.

This method may perform better than QAT, where quantisation is applied from the start of

training, since by initially training with high precision, the network parameters (the weights) are

able to learn with less quantisation noise.
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2.4 DNN Acceleration on FPGAs

When examining the hardware options for accelerating neural networks, each type presents unique

advantages and disadvantages. Currently, Graphics Processing Units (GPUs) are the predomi-

nant choice due to their high bandwidth interconnect and extensive parallel arithmetic processing

capabilities, both essential for the computational demands of neural networks [22].

Despite their popularity, GPUs have notable drawbacks. They excel with dense inputs but

struggle with sparse inputs, making them less effective for inference in sparsified neural networks

achieved through methods like weight pruning. Additionally, GPUs are optimised for floating-

point arithmetic and lack support for custom data types, which are often utilised in quantised

DNNs. Consequently, GPUs are less efficient in terms of power usage when compared to specialised

accelerators for approximated neural networks [16].

The rapid evolution of DNN algorithms further complicates the use of domain-specific ASICs.

ASICs, while highly efficient for specific tasks, may become obsolete quickly if their architecture

does not adapt to new state-of-the-art DNNs. Different tasks might also require varying architec-

tures, making the fabrication of ASICs potentially cost-ineffective. These challenges highlight the

advantages of the re-programmable nature of Field Programmable Gate Arrays (FPGAs) [23].

FPGAs offer the flexibility to adapt neural network designs to new architectures without incurring

additional material costs.

FPGAs can be programmed to perform specific operations with greater efficiency, resulting

in improved latency and throughput, and more significantly, higher energy efficiency [16][24][23].

Their customisability supports fine-grained parallelism, allowing concurrent execution of multiple

DNN layers or operations. This type of parallelism accommodates irregular network architectures

and enables optimisation tailored to specific task requirements.

In conclusion, FPGAs offer significant advantages in terms of flexibility, energy efficiency, and

customisability. These attributes make FPGAs a compelling alternative, especially as DNN algo-

rithms continue to evolve and diversify.
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2.5 PolyLUT

PolyLUT [25] is an FPGA LUT-based neural network deployment strategy building upon similar

work done in LUTnet and LogicNets [26][27], whereby the neurons are deployed onto hardware as

input-output mappings. During training, the network is quantised to very low precision (less than

8 bits). Once trained, the input space of each neuron is enumerated, and every input possible is

passed through the neuron to record the corresponding output, thereby obtaining the input-output

mapping. Since the size of the input space grows exponentially with bit-width and neuron fan-

in3, this is not feasible at large bit-widths. For the same reason, the process of enumeration and

tabulation of outputs is computationally expensive and time-consuming. The enumeration process

is depicted in Figure 2.7.

Figure 2.6: A diagram of the basic components within a PolyLUT neuron. Low precision inputs
are basis expanded to include polynomial terms, and then are fed into a standard neuron. The blue
region represents the functions that will be replaced by an input-output mapping when deployed
onto hardware.

Figure 2.7: An input-output mapping is obtained from a trained neuron.

The benefit of deploying neurons as input-output mappings is that there is no longer any arith-

metic required for the neuron to process an input, eliminating the need for DSPs—an invaluable

FPGA resource. Consequently, this preserves DSP resources for other tasks.
3Fan-in describes the number of inputs a neuron is connected to.
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Furthermore, the neurons can include a polynomial expansion of the input without any addi-

tional cost since this expansion is absorbed into the input-output mapping. This allows for neurons

to learn more complex relationships and hence the network can achieve good accuracy with fewer

layers [25]. PolyLUT neurons incorporate polynomial basis expansion as shown in Figure 2.6. This

basis expansion is controlled by the degree hyper-parameter which dictates the order of the poly-

nomial expansion. For example, a network with degree two expands the basis to include quadratic

terms.

Once the input-output mappings have been obtained, they are deployed onto the FPGA hard-

ware. The synthesis tool can make some optimisations since from this point onwards, neurons are

effectively large truth tables. The benefit of deploying onto an FPGA is that the FPGA’s physical

LUTs can efficiently instantiate this input-output mapping with fast access speeds, allowing for

ultra-low-latency inference.

In summary, PolyLUT offers an alternative solution for deploying neural networks with the

benefit of ultra-low-latency inference, making it suitable for real-time applications. This strategy

is particularly effective for small networks due to its exponential scaling, which limits its use for

networks requiring large bit-widths. Furthermore, although not explored in the original paper,

PolyLUT-style neurons can potentially be integrated with conventional designs when required, to

reduce latency or in cases where arithmetic units are not easily available. PolyLUT and other

LUT-based methodologies leverage the fundamental building blocks of FPGAs to achieve unique

advantages, resulting in competitive machine learning performance.

2.5.1 Jet tagging dataset

Jet tagging involves distinguishing between jets originating from different types of particles emitted

in the high-energy experiments conducted at the Large Hadron Collider (LHC). The development

of machine learning techniques has significantly enhanced the ability to analyse jet substructure

and improve jet tagging accuracy.

The Jet Tagging Substructure Dataset requires low latency inference for several reasons. In

high-energy physics experiments, events occur at an extremely rapid pace. Low latency inference

allows for real-time processing of data, enabling timely decisions about which events to record

for further analysis. This allows for capturing the most relevant data without overwhelming the

storage and processing capabilities. PolyLUT style deployment is ideal for classifiers targeting the
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jet tagging task, due to its ultra-low-latency inference capabilities. As a result, it is the dataset

used in this project.

2.6 Related works

Overall, there are various low-precision data types that networks commonly quantise to, in order to

reduce cost whilst minimising accuracy loss. They include but are not limited to, binary represen-

tation [28], fixed-point representation, logarithmic representation [29] and various mini-float data

types. However, choosing the best data representation to use is a difficult task, and additionally,

there may not be a single data representation scheme that is best for every part of the network.

Methods such as Jung et al. [30] implement quantisation-aware training and attempt to avoid

the issue described above by minimising the task loss with respect to the parameters of the quan-

tisation scheme. This yielded improvements in test accuracy for low-precision networks. Whilst

the authors were able to implement learned non-uniform quantisation schemes, this was limited to

exponential distributions.

The LQ-Nets method [31] introduces a parameterised quantisation function that allows opti-

misation of quantisation levels and intervals during training. More specifically, the authors are

able to train a floating-point basis which defines the quantised subspace. LQ-Nets uses the STE to

allow gradient-based optimisation of the learnable basis. This approach allows values to be repre-

sented by linear combinations of learned discrete levels that are optimised alongside the network

parameters.

The key benefit of this approach is that the authors are able to achieve non-uniform quantisation

in a hardware-friendly manner. However, this advantage is not present in the PolyLUT setting,

since (as mentioned previously) the quantisation function will be absorbed into the LUT mappings.

Finally, K.Yamamoto developed a learnable quantisation scheme through the use of parame-

terised companding functions [32]. In this work, the companding functions (Section 2.2.3) were

learnable, meaning that they can be optimised against the task loss of the network. As a result,

the quantisation scheme can be learned to improve task performance. Although this allows for

learned non-uniform quantisation schemes, the scheme is constrained by the number of piecewise

sections in the companding function. Furthermore, when deployed on hardware, the network re-

quires specifically designed quantisers to implement the learned non-uniform quantisation, thereby

adding additional cost. However, this disadvantage is not present in the PolyLUT setting.
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2.7 PyTorch

PyTorch [4] is an open-source deep learning framework. It is widely used in the machine learning

community for developing and training neural networks.

Unlike static computation graphs, PyTorch’s dynamic graph allows for real-time construction

and modification of neural networks. This makes debugging and experimentation more straight-

forward, which is beneficial for research applications where frequent changes and iterations are

common. Additionally, PyTorch provides a comprehensive set of prebuilt layers and loss functions,

simplifying the process of building neural networks. Users can define custom models by inheriting

from the nn.Module class, which promotes code modularity and reusability.

Furthermore PyTorch also provides support for GPU acceleration through CUDA [5], which

significantly reduces training and inference times.

In summary, PyTorch is a versatile framework for deep learning. Its design supports both

academic research and practical applications in machine learning. PolyLUT (Section 2.5) is built

using PyTorch, and hence so are the developments made in this project.

2.8 Object-Oriented Programming

Object-oriented programming (OOP) is a commonly used programming paradigm centred around

objects and classes. The aim of the OOP paradigm is the creation of modular, reusable, and

maintainable code. This section serves as a brief introduction to OOP principles. Notably, PyTorch

leverages these principles to streamline the development and training of neural networks.

Encapsulation is one of the fundamental principles of OOP. It involves bundling data (at-

tributes) and methods (functions) that operate on the data into a single entity called a class. In

PyTorch, entire neural networks, layers, activation functions, optimisers and various other compo-

nents are implemented as classes.

Other fundamentals include inheritance and polymorphism. Inheritance allows a child class to

inherit attributes and methods from a parent class. Polymorphism enables methods to perform

different operations based on the object they are acting upon, even if they share the same name.

This provides flexibility and integration of various objects.
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Another key concept is abstraction. Abstraction simplifies complex systems by using classes

appropriate to the problem, working at the most relevant level of inheritance. In Python, abstract

base classes define a blueprint for derived classes, ensuring they implement specific methods. In

PyTorch, an abstract model class can define a forward method that must be implemented by any

subclass, ensuring a consistent interface for all models.

As mentioned previously, PyTorch extensively utilises OOP principles to facilitate neural net-

work development. The nn.Module class serves as a base for all neural network modules, encapsu-

lating relevant methods and attributes within a single class. This approach promotes modularity

and reusability. Inheritance extends the functionalities of existing models, enabling the creation

of more complex architectures. Polymorphism allows different models to be used interchangeably

within training or inference pipelines, enhancing flexibility. By adhering to these OOP principles,

PyTorch ensures a structured and scalable approach to machine learning.



3
Project Setup

Contents
3.1 Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2 Implementing a quantisation scheme . . . . . . . . . . . . . . . . . . . . . 22
3.3 Ensuring PyTorch compatibility and autograd compatibility . . . . . . 23
3.4 Evaluating performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.5 Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.6 Baseline model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

This chapter describes the experimental setup for this project. The setup remained the same

for the results presented in Chapters 4 and 5, unless otherwise specified.

As mentioned previously, the neural network is implemented in Python using the PyTorch.

During training, the network is quantised in the forward path. Since the end goal is to implement

each node as an input-output mapping, quantisation is only required for the activation of each

neuron meaning that gradients and weights remain unquantised. Note that input quantisation is

only required for the input layer since all other layers have quantised inputs due to the output

quantisation of the previous layer, as shown in Figure 3.1. Furthermore, when a bit-width is given

for the input layer, this is the bit-width for both the input quantiser and output quantiser.

3.1 Datasets

The dataset used was the Jet Tagging Dataset [33](Section 2.5.1). This dataset was chosen since it

allows for comparison against the original PolyLUT paper. The disadvantage of testing on only a

single dataset is that there is a chance the results observed show trends which might not exist for



3.2. IMPLEMENTING A QUANTISATION SCHEME 22

Figure 3.1: Neural network layers are quantised on input and output.

other machine learning tasks (involving different datasets). However, this disadvantage is mitigated

when using a learnable quantisation scheme, since the scheme is by definition optimised against

the task loss and therefore should be able to adapt to other tasks.

3.2 Implementing a quantisation scheme

To implement a custom quantisation scheme, a combination of a transformation and a fixed-point

quantiser was used. For all experiments, the fixed-point quantiser was forced to have no bias,

meaning that the zero-point was 0 and therefore every quantisation scheme had a quantisation

level at zero.

Before being input to the fixed-point quantiser, the data was transformed via a function T (x).

Upon being outputted by the fixed-point quantiser, the data was passed through the inverse of

the first transform: T−1(x). This means that to be a valid transform, T (x) must have an inverse,

although this inverse may only need to be defined in a specific domain (such positive values of x

if the activation function is ReLU). As a result, this scheme is a form of companded quantisation

as explained in Section 2.2.3.

The process is summarised in Figure 3.2 and occurs directly after the activation function is

applied. However, if the activation function is ReLU [34], it can be applied at the same time as

the fixed point quantisation.

In this report, T (x) is referred to as the forward transform, and T−1(x) is referred to as the
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inverse transform. Furthermore, all gradients and weights are unquantised - only activations in the

forward path are quantised. This is because the weights are implicitly stored in the input-output

mapping (due to PolyLUT). Therefore, when a bit-width is mentioned, this is the bit-width for

the activations of a layer - all weights and gradients are at full precision (single precision floating

point).

Figure 3.2: The structure of the quantiser used. The transform T and its corresponding inverse
are changed to implement different quantisation schemes.

3.3 Ensuring PyTorch compatibility and autograd compat-

ibility

The various quantisation schemes were implemented on software, and their performance was tested

through running inference on GPUs. As mentioned previously, layer activations are quantised

as they propagate through the forward path of the network. Both training and inference were

facilitated through the use of PyTorch (Section 2.7).

To ensure PyTorch compatibility, quantisation schemes were implemented as nn.module() ob-

jects which applied their respective transforms during the forward() method. This allowed for

autograd1 to dynamically generate the computational graph, and therefore maintain the abil-

ity of the network to perform back-propagation. Note that this is only required in the case of

quantisation-aware training and quantisation with retraining (Sections 2.3.1 and 2.3.3 respectively).

3.4 Evaluating performance

All evaluations were done on networks trained using the same seeds for random number generation

and the same network architecture as the respective baseline used in the comparison. The benefit of

using the same seed is that it reduces the amount of variation in performance due to differences in

random processes such as weight initialisation. On the other hand, a potential drawback of keeping

this constant is that the particular random seed in use may be favourable to one quantisation

scheme more than others, thereby creating an unfair comparison. Ideally, the tests should be
1Autograd is the PyTorch utility which facilitates the generation of the dynamic computational graph.
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repeated on a range of random seeds. However, this was not prioritised since other configuration

parameters were deemed more important to vary during testing.

Additionally, it may be the case that one particular architecture is suited best to a certain

quantisation scheme. For example, a layer with a sigmoid [35] activation function will have its

output range bound between 0 and 1. As a result, it is less likely to have large quantisation errors

due to clipping, when compared to a layer with a ReLU [34] activation function whose range is

unbounded. Therefore, it may be beneficial in that case to use a quantisation scheme with smaller

intervals and a smaller range. This means that one can’t necessarily conclude that one scheme is

always preferable to another based on the results obtained from one network architecture. However,

the aim of developing a learnable quantisation scheme (Chapter 5) is that by optimising against

network loss, the scheme can adapt to different architectures.

3.5 Metrics

To evaluate the performance and cost of a given quantisation scheme, various metrics were con-

sidered. Firstly, the maximum test accuracy was used to measure the inference capability of the

network. Hence, in this report network task performance was measured via the maximum test

accuracy.

For the experiments conducted in Chapter 4, the network training time is used as a measure

of the cost of implementing a specific quantisation scheme, since the addition of the forward and

inverse transform impacts the network’s computational load. For example, the scheme described

in Section 4.1.1 requires computing a logarithm and power operation for each element of the

activation tensor at each layer, thereby adding additional computations whilst the network is

training. Additional computing costs during training result in additional power utilisation and

as a result, additional environmental consequences and monetary consequences (as mentioned in

Section 7.2).

However, collecting accurate training time metrics is difficult. This is because the networks

are trained on shared GPU resources, which results in the GPU load rising and falling at various

points due to other users running programs. This ultimately affects the time taken to train and

therefore makes the results observed less indicative of whether there was an increased cost due to

implementing the current quantisation scheme.

The results in Chapter 4 show that the recorded training time is a noisy measure of cost. There-
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fore, the experiments done in Chapter 5 offer the time and space complexity of each quantisation

scheme as an alternative.

Finally, the resource consumption of the network when deployed onto an FPGA was considered.

Since the network is deployed to hardware without any arithmetic units, the number of LUTs used

by the design is a suitable measure of overall resource consumption (since no DSPs or BRAMS

are consumed). Additionally, due to the nature of the PolyLUT style deployment, the resource

consumption of the network with regards to FPGA resources such as LUTs has a fixed upper

bound. This upper bound can be calculated per neuron by finding the size of the un-optimised

logical lookup table generated. For example, a neuron with a fan-in of 3 and a bit-width of 2 has

6 input bits in total. Therefore the number of addresses in the un-optimised lookup table is 26.

Hence, the total upper bound can be calculated as the number of LUTs required to instantiate

all the input-output mappings within the network (all of the neurons). However, in practice, the

resource consumption once the network is deployed is less predictable since the synthesis tool can

make optimisations whilst instantiating these input-output mappings.

These optimisations are far less predictable as they are only known once the network is fully

trained and the input-output mappings are created. A more complex quantisation scheme may

result in fewer optimisations being done since it adds complexity to the overall input-output map-

ping.

Data about resource consumption is quicker to collect than latency since for a reliable estimate,

only design synthesis is required. However, it was still not prioritised, since it still substantially

slows down the iteration cycle. Furthermore, experiments conducted in Chapter 4 show that

resource utilisation is fairly consistent across the different quantisation schemes.

Similarly, whilst inference latency and throughput are important, since these metrics reflect

the operational performance of the network, data for these metrics has not been recorded. This is

because the critical path of the network, like the resource consumption, is upper bounded due to

the PolyLUT style deployment.

3.6 Baseline model

To allow for comparison of various quantisation schemes, suitable baseline models were required.

Furthermore, to ensure fair comparison when changing the quantisation scheme, all configuration
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variables unrelated to quantisation are kept constant unless stated otherwise. The baseline models

use fixed-point quantisation implemented via Brevitas. The common variables are shown in Table

3.1, and the model architectures are described in Tables 3.2, 3.3 and 3.4 for the JSC-M-LITE,

JSC-M and JSC-XL+ architectures respectively. The majority of testing has been done with these

baseline models, when other model architectures are used it will be stated clearly.

Note that in this report, the bit-widths given describe the precision of layer activations. They

may be written in the form X-Y-Z where X is the bit-width of the input layer 2, Y is the bit-width

of the hidden layers and Z is the bit-width of the output layer. Otherwise, where bit-width is given

as a single digit, that is the bit-width for all layers.

Architecture JSC-M-LITE, JSC-M, JSC-XL+
Batch size 1024

Epochs 200
Degree 2

Quantisation scheme Brevitas Fixed-Point
Scale implementation Learned, Runtime statistics

Table 3.1: The baseline model.

Hidden layers [64,32]
Input layer [16, 64]

Output layer [32, 5]
Hidden fan-in 4
Output fan-in 4
Input fan-in 4

Learning rate 0.001

Table 3.2: The JSC-M-LITE architecture.

Hidden layers [64,32,32]
Input layer [16, 64]

Output layer [32, 5]
Hidden fan-in 4
Output fan-in 4
Input fan-in 4

Learning rate 0.001

Table 3.3: The JSC-M architecture.

2Both the input, and output quantiser of the input layer.
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Hidden layers [64, 32, 32, 32, 16, 8]
Input layer [16, 64]

Output layer [8, 5]
Hidden fan-in 2
Output fan-in 2
Input fan-in 2

Learning rate 0.01

Table 3.4: The JSC-XL+ architecture.
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This section goes into detail about the initial quantisation schemes implemented. The method

by which quantisation schemes are implemented is as explained in Section 3.2. Initially, some

quantisation schemes were manually chosen and implemented, and then a learnable scheme was

developed which used a piecewise linear transform. The primitive version of this piecewise linear

transform is included in this chapter, but this scheme is expanded upon in the next chapter and

developed into the main outcome of this project. The final section of this chapter describes the

conclusions obtained from the experiments done with the initial transforms, and the motivations

for developing the piecewise learnable transform further.

In each section, the motivation, implementation and results of each scheme are discussed. Note
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that each scheme incurs an additional computational load during training, however if deployed

onto an FPGA for inference there is no additional logic required to implement any scheme aside

from the implementation of the neuron LUT.

The first subsection goes into more detail about the process of applying the quantisation scheme

to serve partly as an example of how these schemes are implemented. Note that all results shown

in this chapter were obtained via quantisation aware training from scratch.

Each scheme is tested with different configurations, and compared with the corresponding

baseline model performance. The baseline model was able to achieve the results shown in Table

4.1.

Architecture Scale Degree Bit-width Max Resource Time
implementation Test Accuracy (%) usage (CLBs) to train (mins)

JSC-M-LITE Learned 2 3 71.86 11362 184
JSC-M-LITE Runtime statistics 2 3 71.775 - 175
JSC-M-LITE Learned 2 2 71.332 - 177
JSC-M-LITE Learned 6 3 72.18 - 1345

JSC-XL+ Learned 2 3 71.8 - 430
JSC-XL+ Learned 2 8 75.141 - 504

Table 4.1: Results of the baseline model on the JSC dataset.

4.1 Quantisation using a logarithmic transform

In this report, logarithmic representation is the interpretation of a bit-string’s integer value as a

base-2 exponent. Meaning that to return the value the quantised representation is storing, the

following formula is used:

Output = 2Q(x)

where Q(x) is the stored quantised representation. Note that this is an unsigned interpretation.

Logarithmic representation in low-precision neural networks has been shown to be capable of

yielding greater accuracy than uniformly quantised representations in some cases [29]. As a result,

the first quantisation scheme that was tested in this investigation was emulating quantisation to

logarithmic representation.

In theory, logarithmically distributed quantisation levels are helpful when the error due to clip-

ping is high. This is because logarithmic representation can express a larger range than fixed-point

quantisation for the same scale and number of bits. Logarithmic quantisation was implemented on

the hidden layers only which employ a ReLU activation function [34]. This is because the input
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and output layers use a Tanh activation function [36], which restricts the output range to between

-1 and 1. Therefore, a logarithmic representation was deemed to be less effective since the range

of the output space is bounded and small.

4.1.1 Applying the transform

To quantise to logarithmic representation, the following transform was applied:

T (x) =


0 x < 0

log2(x+ 1) x ≥ 0

The effect of this transform is shown in Figure 4.1.

This is because for x < 1, log2(x) has a gradient which tends to infinity as x → 0, resulting in

an exploding gradient problem when included in the back-propagation chain. Therefore, log2(x+1)

is more suitable. Additionally, the negative codomain of the function is unimportant, because the

output of the quantisation scheme will be passed through a ReLU activation function.

Figure 4.1: The output space is changed by applying the transform.

Following this, fixed-point quantisation was applied via Brevitas. The quantiser samples the

transformed data at constant intervals, which is depicted in Figure 4.2. As a result, the output

of the quantiser is the transformed data sampled in fixed intervals. The next step is to undo the

augmentation of the data distribution.

Figure 4.3 depicts the undoing of the data augmentation via the application of the inverse

transform. The sampled points lie on a straight line with a gradient of 1 and hence the distribution

is no longer augmented. However, the quantisation intervals are now exponentially increasing.

Therefore, non-uniform quantisation has successfully been applied without data augmentation.
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Figure 4.2: The fixed-point quantiser samples the output space of the transform at constant
intervals.

Figure 4.3: The quantised levels undergo the inverse-transform, thereby undoing the data augmen-
tation.

4.1.2 Results and evaluation

The logarithm transform achieved a max test accuracy of 72.073 when trained with degree 6 and

bit-width 3. The full results are shown in Table 4.2.

Architecture Scale Degree Bit-width Max Resource Time
implementation Test Accuracy (%) usage (CLBs) to train (mins)

JSC-M-LITE Learned 2 3 71.854 10274 214
JSC-M-LITE Learned 6 3 72.073 - 1254
JSC-M-LITE Learned 2 2 70.988 - 209
JSC-M-LITE Runtime statistics 2 3 71.766 - 186

Table 4.2: Results of the logarithm quantised model on the JSC dataset.

For the same initialisation and model, the logarithm transform performed almost exactly the

same as the baseline, having a worse maximum test accuracy by 0.1%. This implies that the

network performance did not improve through the addition of this quantisation scheme.

Investigating why this is the case is difficult, since under a QAT approach, the parameter values

learned are influenced by the quantisation being applied. The learning of the network parameters

and the quantisation scheme are effectively coupled.

The test and train accuracy for both the baseline and logarithm transform models can be
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seen in Figures 4.4 and 4.5 respectively. Interestingly, the test accuracy of the baseline model

was more volatile during training than its logarithm counterpart. This may be because logarithm

quantisation intervals are likely to grow to be larger than fixed point quantisation intervals, meaning

that the inputs to quantisation need to change significantly to be quantised to a different level.

Therefore, towards the end of training when weight values are not changing significantly, neurons

are less likely to output different values and hence the output of the network is more stable.

This stability is beneficial, since it implies that the logarithmically quantised network may

provide more reliable performance in real-world scenarios. This is because the test set is only an

estimation of the population distribution of the dataset, therefore a volatile test accuracy may

result in worse performance when the network is actually deployed.

(a) Baseline model test accuracy versus epochs.

(b) Baseline model train accuracy versus epochs.

Figure 4.4: The train and test accuracy of the baseline JSC-M-LITE model.
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(a) Logarithm quantisation model test accuracy versus epochs.

(b) Logarithm quantisation model train accuracy versus epochs.

Figure 4.5: The train and test accuracy of the logarithm transform JSC-M-LITE model.
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4.1.3 Complexity

The time complexity of a quantisation scheme is the sum of the time complexity of the forward

transform, the uniform quantiser and the inverse transform. Since the uniform quantiser is present

in all quantisation schemes tested, its complexity will be denoted by C.

The complexity of the forward transform is O(3(N × M × K)), where M,N and K are the

dimensions of the input tensor. This is because for every value in the input tensor, there are 3

operations: a greater than comparison with zero, an addition by 1, and the application of log2(·).

The inverse transform has the same time complexity as the forward transform. Therefore, the

time complexity simplifies to O(C + 6NMK). The memory complexity during training is zero

since the transform and its inverse have no parameters, and hence do not require gradients to be

stored. Therefore the additional complexity incurred is O(6NMK) since the uniform quantiser is

present in all quantisation schemes (including the baseline). It is important to note that comparison

operations are particularly expensive since they result in branching behaviour.

4.2 Quantisation using a linear-then-logarithm transform

This scheme involves applying a transform consisting of a piecewise function of 2 components. The

transform is defined by the following equation:

T (x) =


0 x < 0

x 0 ≤ x < 1

log2(x+ 1) x ≥ 1

The transform is shown in Figure 4.6. The transform resembles the full logarithm transform

described in the previous section, however, the addition of the linear section allows for a uniform

quantisation when the inputs to quantisation are between a certain range. This is beneficial because

it means that the network can change to a uniform quantisation scheme by changing the activation

distribution, which it does through learning different network parameters (weights). However,

since the transform is piecewise, the gradient function is discontinuous. Therefore, the network

relies on the stochastic behaviour of training to move between the two regions of the transform.
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Figure 4.6: The linear-then-logarithm transform.

4.2.1 Results and evaluation

The linear-then-logarithm scheme performed better than the baseline in all common test scenarios.

Although, the improvement is not very large - the best improvement was 0.1%. This is within the

range of the fluctuations in test accuracy, and as a result, does not indicate that this scheme is an

improvement over the baseline. Ideally, more data would be collected using many random seeds,

network architectures and datasets, as this would help clarify if the improvement is due to the

scheme.

Architecture Scale Degree Bit-width Max Resource Time
implementation Test Accuracy (%) usage (CLBs) to train (mins)

JSC-M-LITE Learned 2 3 71.96 - 289
JSC-M-LITE Learned 6 3 72.194 - 2520

Table 4.3: Results of the linear-then-logarithm quantised model on the JSC dataset.

4.2.2 Complexity

The time complexity of this quantisation scheme is O(C + 8NMK) because in the case of x ≥ 1,

the forward and inverse transform each require 2 arithmetic operations and 2 comparisons per

value in the input tensor. Furthermore, the memory complexity is zero since the transform and its

inverse have no parameters, and hence do not require gradients to be stored.
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4.3 Initial Parametrised Transforms

To have a transform be learnable, its formulation should be influenced by trainable parameters.

The learnable transform developed is composed of piecewise linear sections. These sections use

learnable parameters to define their slopes. Having these parameters control the shape of the

transform means that the transform is learnable, and hence can be optimised via stochastic gradient

descent (SGD). The computational graph for this transform and its derivative are shown later in

this section.

Because of this, the network can use back-propagation to influence the quantisation scheme

towards a lower loss. The benefit of using linear components is that with enough linear sections,

the transform should be able to approximate any quantisation scheme.

Additionally, the fact that the transform is learnable, means that layers can have different

quantisation schemes since each layer will have its own set of parameters which the quantisation

scheme uses. Furthermore, the formulation shown in this section guarantees the transform to be

invertible, which is essential for companded quantisation.

Initially, data was collected for both a 2-section piecewise function, and a 3-section piecewise

function, which are depicted in Figure 4.7. In the next section, the piecewise transform was

developed so that it supports any number of sections, which meant that the number of sections

was a hyper-parameter that could be tuned.

4.3.1 Mathematical Formulation

(a) Piecewise linear transform with 2-sections.
ba = 0.8, ga = 2, gb = 0.5

(b) Piecewise linear transform with 3-sections.
ba = 0.2, bb = 0.8, ga = 5, gb = 1.5, gc = 0.4

Figure 4.7: The 2-section piecewise, and 3-section piecewise transforms.
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The transform with 3 distinct linear sections is defined by the following equation:

T (x) =



0 if x < 0,

g0x if 0 ≤ x < b0,

g1x− (g1b0 − g0b0) if b0 ≤ x < b1,

g2x− (g2b1 − (g1b1 − (g1b0 − g0b0))) if x > b1

(4.1)

Where

g0 = abs(ga + ε)

g1 = abs(gb + ε)

g2 = abs(gc + ε)

b0 = ba

b1 = ba + bb

In this formulation, ga, gb, gc are the learnable slope parameters, ε is a small number and ba, bb are

the constant, positive boundary parameters which are fixed and not learnable. The slope parame-

ters can be updated via back-propagation since they have a valid partial derivative. However, the

boundary parameters are not learnable because when included in the transform expression, they

are part of Heaviside functions [37] and hence their partial derivatives involve the Dirac Delta

function [38].

Ensuring invert-ability

To ensure that the transform does not become invalid as a function, g0, g1, and g2 must all be

entirely positive or entirely negative. This is because otherwise, the transform becomes a many-

to-one mapping, and hence has no inverse. In this project, they were chosen to be positive.

Additionally, g0, g1 and g2 must always be greater than zero to avoid divide by zero errors since

the sections of the corresponding inverse transform have slopes equal to 1
g0
, 1
g1
, 1
g2

. Therefore these

values are defined by the absolute value of the slope parameters plus some epsilon.

Furthermore, boundaries such as b1
1 are defined through summations. This is because this

1Note that boundaries are not the same as boundary parameters.
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formulation requires that the boundary parameters (such as ba) are positive, so a summation

ensures that each boundary is larger than the previous. Therefore, this guarantees that b1 > b0,

which is necessary because if b1 < b0, the transformation becomes a one-to-many mapping and

hence is not a valid function (so it has no inverse). Note that the formulation of the inverse

transform does not require any additional parameters.

Similarly, the transform with 2 distinct linear sections is defined by the following equation:

T (x) =


0 if x < 0,

g0x if 0 ≤ x < b0,

g1x− (g1b0 − g0b0) if b0 ≤ x,

(4.2)

Where

g0 = abs(ga + ε)

g1 = abs(gb + ε)

b0 = ba

Note that as expected, the transform with 2-sections requires 1 less slope parameter and 1 less

boundary parameter. In other words, each additional section adds a small cost to implementing

the transform.

As mentioned previously, by changing these parameters, one can essentially change the shape

of the transform and hence the quantisation scheme. For example, Figure 4.8 highlights how the

shape of this transform (and hence the resulting quantisation scheme) can vary greatly depending

on the parameters.

Ensuring continuity

As shown in Equations 4.1 and 4.2, each piecewise section has an additional constant subtracted

from the linear term. This value is referred to as the adjustment in this report, and is required to

maintain the transform’s continuity. The term guarantees that the start of each section (on the

x-y plane) is at the point where the previous section ended. Without this term, the transforms

would be discontinuous, an example of this is shown in Figure 4.9 where the parameters of the
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Figure 4.8: The piecewise transform is versatile and can have different shapes depending on the
parameter values.

transform are the exact same as those in Figure 4.7b.

Figure 4.9: Piecewise linear transform with 3-sections. ba = 0.2, bb = 0.8, ga = 5, gb = 1.5, gc = 0.4.
The transform is discontinuous due to absence of the adjustment term.

Derivative and computational graph

The computational graph for the transform when the input is in the domain of the first piecewise

section is shown in Figure 4.10. The partial derivative of y with respect to g0 is shown in Equation

4.3.
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∂y

∂g0
=

x

g0
− Q(g0 · x)

g02

Q(g0 · x) = g0 · xq

∂y

∂g0
=

x

g0
− a · xq

g02

=
x

g0
− xq

g0

=
1

g0
(x− xq)

(4.3)

In this formulation, Q(·) represents the uniform quantiser. Therefore, Q(g0 ·x) = g0 ·xq because

the multiplication by g0 is a uniform scaling of the input, and hence is absorbed into the scale

variable of the quantiser. The derivation shows that the partial derivative with respect to the

parameter g0 depends on the difference between the quantised output, and the unquantised input.

In other words, when the quantised output is close to the unquantised input, the partial derivative

is small.

Figure 4.10: The computational graph of the transform when the input is in the domain of the
first piecewise section.

4.3.2 Results and evaluation

The full results can be seen in Tables 4.4 and 4.5 for the 2 and 3-section transforms respectively.

Overall, the piecewise transform scheme did show some improvement over the baseline, although

this was only the case for the 3-section transform. The 3-section transform was slightly better than

the baseline in almost all cases with the exception being in the JSC-XL+ bit-width 8 scenario.

The reason why the 3-section transform performed better than the 2-section might be because

with more sections, the transform is more versatile and hence the network has more freedom to

influence the quantisation scheme.
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As expected, the 3-section transform performed better for degree 6 models than degree 2.

Additionally, the largest improvement over the baseline was for bit-width 2 and degree 2 in the

JSC-M-LITE model. However, this improvement was still relatively small at around 0.2%.

Interestingly, the resource usage is slightly less than the baseline and the logarithm transform.

This is difficult to interpret and, since the difference is not significant, could simply be attributed

to the unpredictable nature of the synthesiser.

Multiple tests were run on the 3-section piecewise transform, and in most cases there was some

slight improvement over the baseline. However, in some initialisations, this was not the case.

This implies that like many learnable schemes, the performance of the transform is affected by its

initialisation as shown by the results in Table 4.6.

The table also shows that even though the slope parameters had significantly different final

values, the test accuracy was similar. This implies that the slope values and hence the quantisation

scheme are indeed coupled with the network weights.

Architecture Scale Degree Bit-width Max Resource Time
implementation Test Accuracy (%) usage (CLBs) to train (mins)

JSC-M-LITE Learned 2 3 71.832 - 201

Table 4.4: Results of the 2-section piecewise transform on the JSC dataset.

Architecture Scale Degree Bit-width Max Resource Time
implementation Test Accuracy (%) usage (CLBs) to train (mins)

JSC-M-LITE Learned 2 3 72.012 10525 197
JSC-M-LITE Learned 6 3 72.124 - 2314
JSC-M-LITE Learned 2 2 71.553 - 212
JSC-M-LITE Runtime statistics 2 3 71.803 - 274

JSC-XL+ Learned 2 3 71.941 - 430
JSC-XL+ Learned 2 8 75.125 - 601

Table 4.5: Results of the 3-section piecewise transform on the JSC dataset.

Initialisation Slope 1 Slope 2 Slope 3 Bound 1 Bound 2 Maximum Better
Final value Final value Final value Test Accuracy Than Baseline

1 11.0247 1.0385 10.1727 0.08 0.12 72.012 X
2 0.5433 0.5986 2.0127 0.315 0.7556 71.931 X
3 4.449 0.0156 4.3796 0.08 0.12 71.885 X
4 15.9747 0.0825 12.4428 0.08 0.12 71.833 ×
5 0.4197 3.8522 7.0346 0.7736 0.7672 71.871 X
6 4.7291 2.9209 2.6404 0.0105 0.4369 71.815 ×

Table 4.6: Results of 3-bit JSC-M-LITE networks trained with the 3-section piecewise transform
under different initialisations.
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4.3.3 Complexity

The time complexity for the 3-section piecewise forward transform is O(5NMK) since there are 3

comparison operations in the worst case, 1 multiplication and 1 addition performed per value in

the input tensor to find which bounds the value lies between. For a transform with a large number

of sections, this comparison could be optimised using binary search. The inverse transform has the

same complexity as the forward, therefore the total complexity is O(C + 10NMK). The memory

complexity is O(3) since the transform and its inverse share the three slope parameters, and hence

do not require gradients to be stored.

4.4 Conclusions

The maximum test accuracy and resource consumption of the various quantisation schemes covered

so far are shown in Figures 4.11 and 4.12 respectively. The results imply that overall, the 3-section

piecewise transform seems to yield the best performance, with the largest improvement being for

bit-width 2 trials.

In terms of cost, none of the quantisation schemes had a significant impact on resource con-

sumption. As mentioned previously, the resource consumption of PolyLUT models has a fixed

upper bound that is a function of the bit-widths of the network, and hence the only way the

quantisation scheme can affect resource consumption is if it reduces or increases the amount of

optimisation the synthesiser can do.

In evaluation, there are some flaws in the implementation and testing methodologies. Firstly,

the data collected for the time taken to train is unreliable. As mentioned previously, this is because

the hardware resources used to train the model (GPUs) were shared. As a result, the time taken

to train was affected heavily by other users putting the resource under load.

These findings raise the question of why there is relatively little difference in the performance

of the various quantisation schemes when compared to the baseline. One possibility is that the

exact quantisation scheme may not be important because the network can influence the output of

quantisation by changing the weights.

In other words, instead of changing the quantisation scheme, the network can change the

distribution of the input to the quantiser. From this perspective, the benefit of adding a learnable

quantisation scheme is that the network parameters (weights) are no longer constrained by the
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Figure 4.11: The performance of the various quantisation schemes when tested on the JSC-M-LITE
model.

Figure 4.12: The resource consumption of the various quantisation schemes when tested on the
JSC-M-LITE model.
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uniform quantiser - in other words, the weights are less motivated to learn values that reduce

quantisation error, since this can be done by the transform parameters.

The benefit of non-uniform quantisation may require tuning of the quantisation hyper-parameters,

such as the number of piecewise sections. The following chapter expands on the piecewise linear

transform quantisation scheme, and explains the various developments that led to an improvement

in network task performance over the baseline.
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This section details the various developments made to the piecewise learnable quantisation

scheme throughout the project. Note that the implementation of this quantisation scheme is the

same as in Section 3.2, and the mathematical formulation remains the same as explained in Section

4.3.1.

During the testing of each development, the control variables remained constant, with only

the feature under development being modified unless stated otherwise in the results. However,
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control variables may differ between subsections so one should not compare the results between

subsections. Finally, the term piecewise transform by default refers to the transform applied per-

tensor. All developments in this chapter, unless specified otherwise such as in Section 5.10, were

tested on the per-tensor piecewise transform. Furthermore, to reduce the time required per trial,

only the JSC-M-LITE and JSC-M networks were used for testing (larger networks took too long

to train).

In these experiments, resource usage was not measured since previous results indicate that

quantisation scheme has little effect on the resource usage, likely because the resource usage has a

fixed upper bound regardless of the quantisation scheme (Section 3.5). For the same reason, the

inference latency once deployed was not measured. Additionally, training time was not recorded

due to the unreliability of its measurement (as mentioned in previous sections).

Additionally, all layers on networks with no transform applied were quantised using a Brevitas

quantiser with a runtime statistics scale implementation, whereas networks with transforms used

a constant scale of 1.0. This is explained further in Section 5.7. The results shown in the following

subsections may not draw direct comparison to the baseline, since this is left to Chapter 6 where

the final results are compared and evaluated.

5.1 Automatic construction

In the initial implementation of the piecewise transform, the control logic was hard-coded. This

method involved explicitly checking which pair of bounds the input fell between and then applying

the corresponding transform. Although functional, this approach was rigid and lacked flexibility,

necessitating changes to the code whenever the configuration of the piecewise function needed to

be altered.

To reduce the development time required when implementing piecewise transforms, a Python

class was developed based on OOP fundamentals (Section 2.8) which automates the construction of

the transform by automatically creating the 3 required arrays: the bounds array, the slopes array,

and the adjustments array. This approach abstracts the logic required to apply the transform,

allowing any configuration to be utilised without modifying the underlying code. The Python

class leverages PyTorch methods in order to preserve automatic differentiation, ensuring that the

gradients are correctly propagated through the piecewise function.
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5.2 Enabling on hidden layers only

Applying the piecewise transform incurs a computational cost which results in slower training.

This is proven by the complexity analysis done in Section 5.8. Therefore, in some experiments

only the hidden bit-width was varied and hence the transform (and its inverse) were only applied

to the hidden layers. In experiments where all bit-widths are varied, the transform is applied on

all layers.

The hidden layers were chosen over the input and output layers since the input and output layers

are likely to have data distributions largely influenced by the dataset. This is because the input

layer interacts directly with the dataset and the output layer aims to reproduce the distribution

of the dataset. Therefore, since testing is done only on one dataset, this may limit the range of

results observed.

5.3 Measuring the negative impact of quantisation

As mentioned in previous sections, to benefit from non-uniform quantisation, there should be a

measurable detriment due to quantisation error. For example, if a PolyLUT network trained with

10-bit activations achieves the same accuracy as a network trained with 8-bit activations, it can

be argued that there is no room for accuracy improvements made through alternate quantisation

schemes. This is because the lower precision model performs just as well as the higher precision

model, even with larger quantisation error.

Therefore, to evaluate the efficacy of non-uniform quantisation, one should first measure if there

is a loss in task performance due to quantisation. To that end, experiments were conducted to

measure the accuracy of the JSC-M-LITE network at various bit-width configurations.

These results can be seen in Figure 5.1. The results show that for a JSC-M-LITE network

with eight bit input and output layers, there is no benefit in having a hidden bit-width larger than

five bits. Likewise, for a JSC-M-LITE network with three bit input and output layers, there is no

benefit in having a hidden bit-width larger than four bits.

The results also show that hidden bit-width has a larger impact on test accuracy per bit when

the network has eight bit input and output layers, rather than three bit. This relates to the results

observed in Section 5.4. Therefore, the majority of experiments were done using eight bit input
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and output layers, since this configuration is more likely to benefit from non-uniform quantisation.

Figure 5.1: The maximum test accuracy of the JSC-M-LITE network for different hidden layer
bit-widths.

5.4 Network input quantisation

Throughout the experiments, one interesting result observed is that quantisation of the input to the

network results in an accuracy bottleneck. In other words, if the precision on the input layer is too

low, the network does not gain significant benefit from reduced quantisation error in the latter lay-

ers. Figure 5.2 shows that networks are more sensitive to input layer quantisation than output layer

quantisation. Additionally, the figure shows that the gap in accuracy between transform-enabled

networks and transform-disabled networks shrinks when the input layer is quantised. Essentially,

input layer quantisation acts as a bottleneck for accuracy improvements achieved through reduced

quantisation error in later layers.

One reason for this is that the input layer of a neural network receives raw data, which is the

source of information for the entire network. Quantising the input data means that some of the

original information is lost or significantly altered right at the beginning. This loss of information

cannot be recovered or compensated for by subsequent layers, leading to a degradation in the
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Figure 5.2: The test accuracy of the networks for different bit-width configurations. Performance
is significantly worse when the input layer is severely quantised, whereas the output layer is less
sensitive to quantisation error.

overall performance of the network.

Furthermore, when quantisation occurs at the input layer, the errors introduced are propagated

through all subsequent layers. This can lead to a cumulative effect where the errors compound as

the data moves through the network, further degrading performance. In contrast, if quantisation

is applied only to hidden and output layers, the initial input information is still accurate, and the

network can still perform meaningful transformations on the original data.

Additionally, the initial layers of a neural network are responsible for extracting basic features

from the input data. Quantisation at this stage can distort these basic features, making it difficult

for subsequent layers to recognize more complex patterns and structures. This is less problematic

when quantisation is applied to deeper layers, where the features being processed are already more

abstract and less sensitive to small perturbations.

In summary, quantising the input layer leads to a fundamental loss of information and intro-

duces errors early in the processing pipeline, which cannot be corrected by subsequent layers. This

results in a significant accuracy bottleneck. On the other hand, quantising hidden layers affects the

activations after initial feature extraction has taken place, allowing the network to better manage

and mitigate the impact of reduced precision through its learned parameters and structure.
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5.5 Quantisation with Retraining - Experimentation

As explained in Section 2.3.3, QR can be an effective way to mitigate the accuracy losses incurred

from neural network quantisation. Therefore, experiments were conducted on the JSC-M and

JSC-M-LITE network architectures to investigate this quantisation approach.

Networks were trained at 8-bit precision on each layer, for the reasons explained in Section 5.3,

until the test accuracy plateaued. Then the hidden layers were quantised to lower precision. Follow-

ing this, the networks were trained for more epochs. This proved to yield accuracy improvements

over networks trained with hidden layers at low precision from scratch.

Figure 5.3 shows the results for networks quantised using this approach versus networks trained

at low precision from scratch. The results show that there is a consistent increase in test accuracy

when using a QR approach as opposed to training with low precision from the scratch. This effect

is observed regardless of whether the transform is enabled.

However, the results also show that the networks with the piecewise learnable transform enabled

perform better than networks without under the QR. Note that in these results, the transform

parameters were learned during the high precision portion of training. This increase in performance

may be because the transform helps to retain information about the high precision distribution of

the activations.

5.6 Post-Training Quantisation - Experimentation

As explained in Section 2.3.2, PTQ is a simple and cheap method by which to implement neural

network quantisation. Experiments showed that networks with the piecewise learnable transform

enabled performed significantly better under the PTQ approach than networks without. These

results can be seen in Figure 5.7.

Networks were trained at 8-bit precision on each layer, and then the hidden layers were quantised

to lower precision and the network accuracy was tested. Furthermore, the transform parameters

were trained during the high precision portion of training.

The results show that for quantisation to low precisions, PTQ performs significantly worse

than QAT when no transform is applied. However, networks trained with the transform are

able to achieve good results when quantised via PTQ, similar to results obtained via QAT from
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Figure 5.3: The accuracy achieved through QR for JSC-M-LITE and JSC-M networks across
various hidden bit-widths.
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scratch. This may be because (as mentioned in Section 5.5) by allowing the transform parameters

to be learned at high precision, the network is able to retain information about the high precision

distributions of the activations. Therefore, when the network is quantised, the distribution of the

low precision activations is more similar to that of the high precision activations, which improves

the accuracy of the network.

Figures 5.4a and 5.4b compare the hidden layer activation distributions before and after quan-

tisation. Figure 5.4a includes values at zero, while Figure 5.4b excludes them. Since the quantiser

always includes a level at zero, the distribution of non-zero values determines the variable quan-

tisation levels. When the transform is enabled, the activation distribution resembles a uniform

distribution, making uniform quantisation less detrimental. This means the post-quantisation plot

closely approximates the pre-quantisation plot when linearly interpolated. This is not observed in

the network trained without the transform.

Figure 5.5 shows the cumulative distribution of hidden layer activations before and after quan-

tisation for networks trained with and without the transform. This figure demonstrates that, with

the transform enabled, the post-quantisation distribution closely matches the pre-quantisation

distribution, unlike in the network trained without the transform.

The results from Section 5.5 show that if allowed to retrain, the networks without the transform

are able to re-learn the network parameters such that the performance is comparable to networks

with the transform enabled. This suggests that by changing the weights, the network is able to

change the distribution of the activations such that quantisation is less detrimental to network ac-

curacy. Figure 5.6 evidences this claim by showing that after retraining, the quantised distribution

far better approximates the high precision distribution (as opposed to the distribution just after

quantisation).
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(a) The probability density distribution of the hidden layer activations, including values at zero.

(b) The probability density distribution of the hidden layer activations, excluding values at zero.

Figure 5.4: The distributions of the hidden layer activations, before and after quantisation from
8-bit to 2-bit, for networks trained with the transform enabled and disabled. The distribution
includes values at zero.
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Figure 5.5: The cumulative distribution of the hidden layer activations, including values at zero.

Figure 5.6: The probability density distribution of the hidden layer activations before quantisation,
after quantisation, and after retraining.
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Figure 5.7: The accuracy achieved through Post-Training Quantisation for JSC-M-LITE and JSC-
M networks across various hidden bit-widths.
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5.7 Brevitas scaling implementation

As mentioned previously, companded quantisation requires a uniform quantiser between the for-

ward and inverse transforms. In this project, uniform quantisation is implemented by the Brevitas

python package as explained in Section 2.2.4. The scale implementation of the Brevitas quantiser

can vary - in previous sections experiments were ran with scales calculated using runtime statis-

tics. However, experiments showed that the maximum test accuracy of networks trained with the

piecewise transform quantisation scheme improved when using a constant scaling implementation.

The results are shown in Figure 5.8.

Figure 5.8: The maximum test accuracy of networks trained with the piecewise per-tensor trans-
form for different scaling implementations, across various network configurations.

This may be because per batch, a scale based on runtime statistics changes. Therefore, the

gradient function of the learnable transform parameters also changes. This could result in the

transform parameters oscillating. Alternatively, it may be because with both the piecewise trans-

form and the Brevitas scaling implementation, there is redundancy. This is because the slope

of the piecewise transform effectively implements a scale for values in the domain of the corre-

sponding piecewise section. Training with redundancy can result in worse accuracy because the

redundancy introduces additional complexity and interdependence between parameters, making

the optimisation process more challenging.
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5.8 Number of sections as a hyper-parameter

With the automated construction of piecewise transforms, it is possible to experiment with various

configurations. This capability is particularly advantageous for hyper-parameter tuning, which is

important since the number of sections in the piecewise function is likely to influence the task

performance of the network. This is because the number of piecewise sections used impacts the

range of non-uniform quantisation schemes which can be represented. Therefore, by adjusting the

number of segments, it is possible to tune the transform to achieve better results.

However, as the number of piecewise sections increases, the computational load of the transform

also increases. This is because as mentioned in Section 4.3.3, the number of piecewise sections is

a factor in the time complexity of the algorithm since each additional bound is another potential

comparison operation which must be done. Therefore, the complexity of the forward piecewise

transform with S sections is O(SNMK) or O(log2(S)NMK) when using binary search. However,

binary search may yield slower performance for small values of S due to the additional overhead

incurred. Furthermore, the memory complexity of the transform increases linearly with the number

of piecewise sections, and hence the memory complexity is O(S). The total time complexity of the

quantisation scheme is therefore O(2SNMK + C), since the inverse transform requires the same

number of operations.

Figure 5.9 shows the network task performance for different numbers of piecewise sections,

and Figure 5.10 shows the plotted test accuracy for a subset of experiments. The figure shows

that the transforms with eight and four piecewise sections consistently perform better than the

transform with 2 piecewise sections. This implies that the network benefits from the transform

with more piecewise sections, which indicates that the distribution of data is such that a non-

uniform quantisation is beneficial. Moving forward, the piecewise transforms were trained with 4

sections since 8 sections causes significant slowdown during training, and in some cases performs

worse than 4 sections. Note that a transform with 1 piecewise section is equivalent to uniform

quantisation.
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Figure 5.9: The maximum test accuracy achieved for networks trained under a QR approach for
different numbers of piecewise sections. The results were collected from networks trained using the
JSC-M architecture.

Figure 5.10: Test accuracy versus epoch under a QR approach for different numbers of sections
in the piecewise transform. The results were collected from networks trained using the JSC-M
architecture.
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5.9 Varying the degree hyper-parameter

One benefit of PolyLUT is that, at inference, the network is able to implement polynomial basis

expansion without the use of arithmetic units. This is because the polynomial basis expansion is

absorbed into LUT mapping through the process described in Section 2.5. This basis expansion

allows for complex relationships between features to be learned, with fewer layers [25].

The degree hyper-parameter is what controls the order of the expanded basis (as explained in

Section 2.5). A polynomial basis expansion with a higher degree may result in more complicated

distributions of activations, since higher order terms enable more complex functions to be mapped

in a single layer. As a result, it may be the case that non-uniform distribution is more beneficial

for networks with a higher degree hyper-parameter.

Figure 5.12 shows the accuracy for networks trained with a quantisation with re-training ap-

proach, across various bit-widths and degrees. The figure shows results for networks trained with

the piecewise learnable transform quantisation scheme, and networks without. For the JSC-M-

LITE network, the figure shows that both having a higher degree, and training with the transform

is beneficial to test accuracy. Furthermore, the plots show that for some low bit-width configura-

tions (8-2-8 and 8-2-2), training with the transform enabled is more beneficial than training with

a higher degree.

The JSC-M plots show that the performance of the degree 6 network with the transform disabled

is relatively poor in comparison to other configurations, particularly for the 8-2-8 and 8-2-2 bit-

width configurations. This is highlighted in Figure 5.11a, which shows the test accuracy per epoch

for the trials conducted with bit-widths 8-2-8 on the JSC-M network (again using a quantisation

with re-training approach).

The graph shows that the test accuracy of the degree 6 network without a transform applied is

significantly more volatile than the other configurations. Figure 5.11b shows the accuracy on the

train dataset for this configuration which is also volatile.

As mentioned previously, a higher degree hyper-parameter induces more complex distributions

of activations which may benefit from non-uniform quantisation. Furthermore, without the trans-

form, the network relies on its weight parameters to reduce the negative impact of quantisation,

through changing the distribution of the activations. The combination of these two factors may

result in a difficult learning scenario, and hence cause the detriment to the accuracy observed in
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the figures.

(a) The test accuracy for the 8-2-8 JSC-M network per epoch with and without the transform applied and
across different degrees.

(b) The train accuracy of the JSC-M network with no transform, degree 6 and bit-widths 8-2-8.
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Figure 5.12: The accuracy achieved through quantisation with re-training for JSC-M-LITE and
JSC-M networks across various bit-widths and degrees.
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5.10 Per-neuron non-uniform quantisation

The piecewise transform scheme described in previous sections was applied per-tensor, meaning

that all activations from a layer in a mini-batch were passed into the same transform with the

same set of parameters. However, this means that the non-uniform quantisation learned is based

upon the aggregate distribution of the activations from each neuron in a layer. This is potentially

limiting, because neurons may have largely different distributions, and hence benefit from different

quantisation schemes. To test this theory, a JSC-M-LITE network was trained at 8-bit precision

for 200 epochs (since this is when test accuracy no longer seems to improve), and the distribution

of the activations was recorded. This data was then plotted as a histogram to model its probability

density function (PDF).

Figure 5.13 shows the distribution of a single neuron’s activations in the hidden layer. Figure

5.14 shows the distributions of each neuron in the hidden layer, excluding zeros. The left plots

show histograms with 256 bins (28) and the right plots show histograms with 4 bins (22) to emulate

8-bit and 2-bit uniform quantisation respectively1.

The plots show that the distributions of the neurons at both 8-bit and 2-bit representations

vary significantly depending on the neuron. Additionally, the range changes significantly per plot.

Both of these points imply that using the same quantiser, meaning the same quantisation levels and

clipping boundaries, is sub-optimal since the distribution of the neuron activations are significantly

different.

Therefore, the piecewise transform quantisation scheme was developed to apply a different

transform to each neuron’s activations, meaning for a layer with 32 neurons, there would be 32

different transformations. The joint application of these transforms is referred to as applying the

per-neuron piecewise transform in this report.

The memory complexity of this design is larger than the per-tensor transform, since for each

neuron there is a different set of learnable parameters. The memory complexity is now O(WS),

where S is the number of piecewise sections, and W is the number of neurons in the layer (the

width of the layer). The time complexity remains the same since the total number of operations is

unchanged.

Although the time complexity is the same as for the per-tensor transform, training time was
1In actuality, 2-bit representation only allows for three bins for values excluding zeros, since one quantisation

level is always at zero (Section 3.5). However these plots are just to illustrate roughly how the distributions of each
neuron varies, so this is not a significant problem.
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significantly increased. This is because the per-neuron transform was executed sequentially, by

looping through the activations of each neuron in the input tensor.

Unfortunately, PyTorch did not have the appropriate methods to enable easy vectorisation

of this loop, which meant that an independent solution was required. However, due to time

constraints during the development phase of this project, no such solution was found. As a result,

the computational load during training made tuning this quantisation scheme infeasible.

Results are shown in Table 5.1 and the scheme is compared against others in Figure 6.1. The fig-

ures show that the piecewise per-neuron transform performs slightly worse than the piecewise per-

tensor transform. Theoretically, the set of quantisation schemes representable by the per-neuron

piecewise transform, is a super-set of those representable by the per-tensor piecewise transform.

Therefore, with the correct training hyper-parameters, networks trained with this scheme should

be able to achieve the same task performance as those trained with the per-tensor transform.

However, finding the correct hyper-parameters requires running a large number of trials, which

is infeasible due to the computational requirements of the per-neuron piecewise transform. Be-

cause the results found in these experiments indicate that the benefit of a per-neuron non-uniform

quantisation is not significant, the decision was made not to run further trials.

Number of Bit Max test accuracy (%) Max test accuracy (%)
piecewise sections width JSC-M-LITE JSC-M

4 8-8-8 74.032 75.045
4 8-2-8 73.772 74.291

Table 5.1: Maximum test accuracy for the per-neuron piecewise transform

5.11 Per-neuron uniform quantisation

The histogram plots in Section 5.10 show that the range of activations varies greatly per-neuron.

As a result, using a single uniform quantiser is inefficient because the quantisation scheme will

either have significant errors due to clipping, or some neurons will never hold values in certain

quantisation levels.

However, this issue is alleviated through the usage of per-neuron uniform quantisation, where

each neuron has its own uniform quantiser. To implement a per-neuron uniform quantisation,

a linear transform is applied per-neuron before the activation tensor is inputted to the uniform

quantiser. This transform is referred to as the simple transform in this report, and is defined as

follows:
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Figure 5.13: A single hidden layer neuron’s PDF. A large portion of the distribution is at zero due
to the ReLU activation function.

T (x) = ax+ c (5.1)

T−1(x) =
x− c

a
(5.2)

Both a and c are learnable parameters. This is an implementation of fixed-point quantisation

as explained in Section 2.2.2, but with a learnable bias (not forced to be zero). The computational

load of this network during training is minimal since there are no comparisons required. The time

complexity of the quantisation scheme is O(4NMK + C) since there are 4 operations per value

in the tensor. The memory complexity is O(2W ) where W is the width of the layer as in Section

5.10. Figure 5.152 shows the results for the per-neuron simple transform for various learning rates

and bit-widths.

5.12 Reducing the learning rate

The first enhancement to the learnable quantisation involved experimenting with different learning

rates specifically for the transform parameters. Since the transform slope parameters are initialised

to 1.0, theoretically, networks with the transform enabled are unlikely to perform worse than those

without it. This is because if uniform quantisation is more effective, the parameters are motivated
2Note that TLR is an acronym for Transform Learning Rate
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Figure 5.14: The distributions of the hidden layer’s activations.
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Figure 5.15: The maximum test accuracy of the per-neuron simple transform for various bit-widths
and transform LRs.

by the loss to remain at 1.0. However, when trained with the same learning rate as the other

network parameters (weights), the observed performance was worse. This result could be due to

the transform parameters oscillating around their optimal values.

It is plausible that the transform parameters may benefit from a different learning rate because

the transform parameters are far fewer in number than the input tensor, causing each parameter to

accumulate gradients from many inputs. Therefore, the learning rate used for the network weights

might not be optimal for the transform parameters. Experiments with different learning rates

were conducted on the JSC-M-LITE network and the JSC-M network, and the results are shown

in Figure 5.16.

The gains made by tuning the learning rate are relatively small when maximum test accuracy

is compared. However, the transform learning rate has a big impact on the stability of network

task performance, as shown by the fluctuations in Figure 5.17. The figure shows that although

for some epochs the test accuracy is similar, the transform with the higher learning rate is more

volatile and has large downward spikes at certain epochs. These results show that if the transform

parameter learning rate is too high, the quantisation scheme can change significantly per epoch

which results in detriment to the accuracy. These results are examples of the disadvantages of

using maximum test accuracy as the sole metric for network task performance.
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Figure 5.16: Maximum test accuracy versus transform learning rate for various configurations.

Figure 5.17: Test accuracy for the JSC-M model with bit-widths 8-2-8 for various transform
learning rates.
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5.13 Histogram equalisation

Histogram equalisation is a technique mainly employed in image processing to enhance the contrast

of an image. The method works by adjusting the intensity distribution of the image’s histogram,

redistributing the intensity levels to span the entire range of possible values more uniformly. The

primary aim is to achieve a histogram that is as flat as possible, meaning each intensity value

occurs with equal probability.

The motivation behind applying histogram equalisation before uniform quantisation is that the

distributions of activations will occupy each quantisation level with even counts. This means that

the amount of aliasing3 that occurs post quantisation is minimised. The hope is that by reducing

aliasing, the accuracy of the network improves.

The process of histogram equalisation involves several steps. Initially, the histogram of the

input is calculated. Following this, the cumulative distribution function (CDF) of the histogram

is computed. Inputs are passed through the histogram’s CDF to obtain their corresponding per-

centile. Following this, the percentile is then passed into an inverse uniform CDF which returns

the corresponding equalised value for the original input.

The CDF can be implemented through a linear piecewise approximation, which allows the

equalisation process to be done through the current piecewise transform setup.

After the equalisation process is complete, the tensor is passed into the uniform quantiser, and

then into the inverse transform. The inverse transform undoes the equalisation process to return

the post-quantisation approximation of the original distribution.

To test histogram equalisation, it was implemented on the hidden layer of a trained JSC-M-

LITE network. To obtain an approximation for the hidden layer’s CDF, the network was trained

at 8-bit precision until test accuracy no longer improved, at which point one batch of activations

was collected.

This was then used to approximate the CDF using an N -section piecewise linear function. The

CDF of this data was divided into N − 1 equal parts, and the coordinates of the boundaries were

obtained using interpolation techniques. These coordinates were connected which formed the linear

piecewise approximation of the CDF. Figure 5.19 shows the equalisation process, and the CDF of

the final output.
3In this context, aliasing is when two or more different inputs map to the same quantisation level and hence

result in the same output post-quantisation.
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To test the results of the histogram equalisation, networks were trained with the transform

disabled, at 8-bit precision for 200 epochs. Then the hidden layer was quantised using the per-

neuron piecewise transform scheme. The transform parameters were initialised to values such

that the transform implements histogram equalisation per-neuron. Figure 5.18 shows the accuracy

achieved through this technique compared to the same network with no quantisation transforms

enabled.

The figure shows that histogram equalisation was unable to achieve an improvement over the

baseline network, and therefore was ineffective. Experiments showed that mean absolute quantisa-

tion error and mean squared quantisation error increase under this scheme (compared to uniform

quantisation without equalisation). The quantisation error likely increases because firstly, the CDF

is approximated. Secondly, when the approximate inverse CDF is applied, the quantisation errors

may be enlarged. This test indicates that the benefit of reducing aliasing is less than the detriment

incurred by increasing the absolute quantisation error.

Figure 5.18: The maximum test accuracy of the JSC-M-LITE network when quantised using
histogram equalisation. The results were measured after 20 epochs of retraining. The figure
includes the results of networks trained with the quantisation transforms disabled (and hence no
histogram equalisation).
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Figure 5.19: The histogram equalisation process on a hidden layer’s activations. The CDF is
approximated using a linear piecewise function. The histograms named ”Uniform bins” emulate 3
bit uniform quantisation applied to the activation tensor with and without equalisation. The final
plot shows the post-quantisation CDF after being passed into the inverse transform which undoes
the equalisation.



6
Overall results, Evaluation and

Conclusions

Contents
6.1 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

6.1.1 Comparison with PolyLUT . . . . . . . . . . . . . . . . . . . . . . . . . 74
6.1.2 Benefits achieved . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

6.2 Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
6.2.1 Inefficient testing methodology . . . . . . . . . . . . . . . . . . . . . . . 77
6.2.2 Difficulties when collecting results . . . . . . . . . . . . . . . . . . . . . . 78
6.2.3 Task prioritisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.2.4 Dataset limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.3 Further work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
6.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

The primary objective of this project was to evaluate the effectiveness of different number

representations in a setting where the cost of all representations were roughly equal. As mentioned

previously, in the case of PolyLUT and NeuraLUT [25][39], the implementation of non-standard

representation is absorbed into the mapped LUT. Therefore, the resource cost is upper bounded

by the theoretical maximum size of the LUT generated.

Implementing non-standard representations results from using non-uniform quantisation. To

achieve this, various specific quantisation schemes, such as logarithmic quantisation, were tested.

Ultimately, a software module was developed to implement a learned non-uniform quantisation

scheme. This module uses a learned piecewise transform and a uniform quantiser to implement an

arbitrary quantisation scheme through the concept of companded quantisation. The effectiveness of
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the learned quantisation scheme depends on the number of piecewise sections in the transform. In

other words, with enough piecewise sections, the module can implement any quantisation scheme.

6.1 Results

Overall, various quantisation schemes were developed, and each scheme was tested across many

different scenarios. The full results for the quantisation from 8-bit to lower precision can be seen

in Table A.1 and Figure 6.11. These results were all collected using a QR approach, since this

proved to yield the best test accuracy in each scenario.

The results for the JSC-M and JSC-M-LITE architectures show some common trends. For the

JSC-M-LITE tests, the best performing network was the 8-3-8 configuration with degree 6 and the

piecewise per-tensor transform enabled. This network, was expected to perform well, but the fact

that it performs better than the 8-4-8 configuration with degree 2, implies that more hidden bit-

width was less beneficial than a higher degree. In the JSC-M tests, this is not the case. Although

the higher degree network performs well, having more hidden bit-width is more beneficial. This is

likely due to the fact that there are two hidden layers in the JSC-M network, which means that

hidden layer quantisation error is more detrimental.

The results also reveal a significant difference between networks with the transform enabled

and those without. This suggests that the network benefits from learned non-uniform quantisation.

Additionally, the 8-3-3 network with the transform enabled performs better than the 8-3-8 no

transform network in both degree 2 and degree 6 cases. This is notable because it indicates that the

transform allows for a reduction of 5 bits in the output layer. This is particularly advantageous for

PolyLUT networks, as resource costs in this regime scale exponentially with bit-width (evidenced

by the resource analysis shown in Section 6.1.2).

For both architectures and across all the bit-widths, networks trained with the piecewise per-

tensor transform consistently performs the best. In the cases where the hidden and output bit-

widths are reduced to below 3 bits, increasing the degree parameter results in worse performance.

This effect is far more significant in the networks trained without a transform. This result was

explored in Section 5.9 - networks trained with a higher degree seem to exhibit higher volatility at

the lower bit-widths when trained without the transform.

Both of the per-neuron schemes performed worse than the per-tensor scheme. In theory, the
1Note that in this figure Deg is the degree hyper-parameter the network was trained with.
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piecewise per-neuron transform is capable of implementing the same quantisation schemes as the

piecewise per-tensor transform. The reasons for its performance not matching that of the piecewise

per-tensor transform is explored in Section 5.10.

Figure 6.1: The maximum test accuracy across various network configurations. All results were
collected using a QR approach. ’PW’ denotes networks trained with the piecewise transform
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6.1.1 Comparison with PolyLUT

After 200 epochs of training, the original PolyLUT configuration for the degree 2 JSC-M-LITE

network achieved a maximum test accuracy of 71.858% with 3-3-3 bit-widths. For this bit-width

configuration, a QAT approach offered the best test accuracy.

With the transform enabled, the same network achieved a slightly higher maximum test ac-

curacy of 72.012%. Although the difference in maximum test accuracy is relatively small, Figure

6.3 shows that the network trained with the transform consistently performed better, and in some

cases the gap in test accuracy was significantly larger. The gap in performance is likely smaller due

to the bottleneck caused by the low precision of the input layer. The reasons for this are explored

in Section 5.4.

Figure 6.2 summarises the results of each quantisation scheme when trained on one of the

original PolyLUT configurations: JSC-M-LITE with 3-3-3 layer bit widths and degree 2.

Figure 6.2: The best test accuracy achievable for each quantisation scheme on a JSC-M-LITE
network with 3-3-3 layer bit-widths.
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Figure 6.3: The test accuracy of JSC-M-LITE network when trained from scratch with bit-width
3 for each layer. The blue line represents the performance under uniform quantisation, and the
red line represents the performance under non-uniform quantisation implemented via the piecewise
learnable transform scheme.

6.1.2 Benefits achieved

Further tests were conducted on various low bit-width configurations, since at these configurations

FPGA synthesis was possible. The accuracy achieved in these configurations is shown in Figure

6.4a. The resource utilisation for each of these bit-width configurations is shown in Figure 6.4b.

Resource utilisation was only able to be collected for networks trained with the transform disabled.

However, it is expected that whether the transform is enabled or not has low impact on the resource

utilisation (for the reasons explained in Section 6.2.2).

The results shown in Figure 6.4a continue the trend seen in the 8-bit tests (Figure 6.1). En-

abling the piecewise linear transform consistently yields non-negligible accuracy improvements.

Furthermore, like the 8-bit tests, these results also show that the addition of the transform can

yield improvements equivalent to adding a bit to a layer’s activations. Saving one bit results in

significant reductions in resource utilisation, evidenced by the results in Figure 6.4b. For example,

the 4-2-8 network trained with the transform enabled achieves greater accuracy than the 4-3-8

network with the transform disabled meaning the hidden layer bit-width can be reduced by one,

without accuracy loss. Similarly, the 4-2-3 network with the transform enabled performs better

than the 4-3-3 network with the transform disabled. The 4-3-3 and 4-2-3 resource consumption

shown in Figure 6.4b show that reducing the hidden bit-width by one results in a large resource re-

duction (the CLB usage is approximately reduced by a factor of 2). This is a significant reduction,
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since it means for the same resource usage, you can have double the neurons.

(a) Maximum test accuracy for various low bit-width JSC-M-LITE networks.

(b) Resource consumption for various low bit-width JSC-M-LITE networks.
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The increase in test accuracy achieved via the piecewise learnable transform allows for fewer

bits to be used while maintaining the same level of accuracy. The JSC-M-LITE network, when

trained without the transform enabled and quantised to a 6-3-3 bit-width configuration achieved a

maximum test accuracy of 73.331%, and 73.551% with 8-3-3 bit-widths (as shown in Table A.1). In

contrast, the same architecture, when quantised to 6-3-3 and trained with the transform enabled,

achieved 73.643% - a higher accuracy than the 8-3-3 network trained with the transform disabled.

The input layer of the JSC-M-LITE network has sixteen neurons. Each neuron has a fan-in of

4, which means that it is connected to four inputs. With four inputs and eight bits, the size of

LUT input for one neuron is 4×8 = 32. Therefore, the sum of the number of entries in the lookup

tables for all sixteen neurons is 232×16 = 236. In comparison, with six bits the number of entries is

228. The number of entries in the logical look-up table correlates with the size of the physical LUT

generated, meaning that the resource consumption for the input layer has decreased by roughly

256 times with zero accuracy reduction. The network can achieve better performance with two

fewer bits in the input layer, representing a significant resource reduction due to the exponential

scaling of PolyLUT-style deployments.

6.2 Evaluation

6.2.1 Inefficient testing methodology

The project encountered several challenges, primarily due to the complexity and depth of un-

derstanding required about neural network quantisation. One significant issue was the lack of a

robust testing regime early in the project. This oversight led to repeated experiments, which were

time-consuming and inefficient.

Furthermore, inefficient testing is particularly detrimental to progress in this project due to

the time required to run each trial. As in many machine learning projects, network training is a

lengthy process. The need for extensive training time is compounded by the iterative nature of

machine learning research. In the case of this project, progress was often blocked whilst waiting

for simulation results, since each development made was in response to some observed behaviour.

GPU resources were shared with other members of the department, which meant that the num-

ber of simulations started at a given time was limited. Shared computational resources introduced

a slight bottleneck in the experimentation process. This limitation meant that scheduling and
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prioritisation of experiments was required to maximise the productive use of the available GPU

time.

Network training for the majority of tests was conducted overnight, which meant that to keep up

progress, testing was done concurrently with analysis. Running training sessions overnight allowed

utilisation of otherwise idle computational resources effectively. However, this also introduced a

delay in feedback, as results from overnight runs were only available the following day. To mitigate

this delay and maintain steady progress, it was important to analyse the previous day’s results

and set up new experiments promptly.

In other words, there was a pipeline. This pipeline was essential for maintaining momentum

in the project. It involved a continuous loop of training, testing, analysing results, and setting up

new experiments. The efficiency of this pipeline directly impacted the progress of the project. Any

delays or inefficiencies in one stage of the pipeline would cascade, slowing down the entire process.

Regrettably, the effectiveness of this testing methodology was realised through difficult experi-

ence. In the early phases of the project, the testing regime was less systematic, leading to a higher

number of unproductive experiments. As a result, progress was considerably slower during these

initial stages.

6.2.2 Difficulties when collecting results

When evaluating the effectiveness of a quantisation scheme, or an improvement made to it, the ideal

approach is to test all combinations of control variables. This allows one to rule out potential inter-

dependencies and gain a clear understanding of the impact of the change being tested. However,

as mentioned in the previous section, testing was time-consuming. Consequently, when testing a

particular improvement, it was necessary to select a search space. Often, this meant only varying

one or two control variables. This is disadvantageous because it restricts the ability to fully grasp

the impact of the changes and may overlook important interdependencies between variables.

The reliance on maximum test accuracy as the sole metric for network task performance had

disadvantages. This metric does not account for volatility in test accuracy per epoch, which is sub-

optimal because the test set is merely an estimation of the population distribution of the dataset.

Consequently, networks with higher but volatile test accuracy might not perform consistently in

practice. Incorporating additional metrics that measure stability and consistency across epochs,

such as a moving average of test accuracy, would provide a more reliable assessment of the network’s
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performance.

The project suffered from a lack of synthesis results for two reasons. Firstly, the enumeration

process required to develop the hardware description of the network was infeasible for network’s

with one or more 8-bit layers. This is because the enumeration space required over one terabyte

of GPU memory to tabulate. This also means that it would be infeasible to deploy on hardware.

Regardless, most testing was done on configurations with such bit-widths, as they showed the

largest improvements when trained with the transform enabled, compared to without. This was

important because it meant that trends were more easily observable, which allowed for better

guidance during the development.

Secondly, delays in the development resulted in a lack of time to run many synthesis flows.

Collecting synthesis results was not prioritised since experiments in Chapter 4 combined with

results from PolyLUT [25] and NeuraLUT [39] indicated that changing the quantisation scheme

was likely to have a low impact on resource utilisation. However, on deeper networks there is more

motivation to obtain synthesis results because the quantisation schemes are implemented per layer,

therefore, as the number of layers increases, the effect on the network’s resource consumption might

increase. None of the architectures tested in this project were particularly deep but this may be

an important consideration for future work.

6.2.3 Task prioritisation

A key lesson is the importance of prioritising tasks and transitioning from less effective methods

more swiftly. In hindsight, focusing earlier on developing the linear piecewise transform scheme

and conducting a thorough hyper-parameter search would have yielded better results. The correct

learning rate and the number of sections for the transform improved accuracy significantly. Tun-

ing these parameters earlier would have sped up development. Additionally, developing versatile

software modules ahead of time would have allowed faster updates to the simulation environment,

thereby reducing the time spent on debugging and adding features.

6.2.4 Dataset limitations

Testing was limited to a single dataset and small network architectures. This constraint is signif-

icant because the effectiveness of quantisation can vary greatly with different data distributions

and network structures. Evaluating the quantisation methods across multiple datasets and a wider
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variety of architectures would have provided a more thorough and generalisable assessment. Un-

derstanding the interplay between data distributions, network complexities, and quantisation is

important for extending findings to broader applications.

The results in Section 5.6 suggested that networks could implicitly implement non-uniform

quantisation by adjusting the distribution of activations to minimise quantisation error, since

quantisation error is likely to increase the loss of a network. If this is the case, through SGD, the

weight parameters learn values which strike a balance between minimising the quantisation error

of the layer, and learning effective features. From this perspective, the advantage of learnable

non-uniform quantisation is that the network can reduce the quantisation error without changing

the weights. Therefore, the weights may be able to learn better features.

However, this theory implies that the learnable non-uniform quantisation scheme can be re-

placed by increasing the number of weights in the layers. Therefore, the advantage of learnable

non-uniform quantisation may be most present on networks which are not over-parameterised. To

test this, it would have been beneficial to run trials on a wide range of network architectures, and

different datasets.

6.3 Further work

Building on the findings and limitations of this project, several avenues for further research are

recommended.

Extending the experiments to other network types, such as Convolutional Neural Networks

(CNNs), would be insightful. CNNs, due to their weight-sharing properties, might exhibit differ-

ent activation distributions, impacting quantisation. Additionally, examining the effects of skip

connections, which merge outputs from multiple layers, on quantisation would be interesting. This

is because skip connections merge output distributions from different layers, which impacts what

quantisation scheme is best to use.

Exploring the vectorisation of piecewise per-neuron transform (Section 5.10) would make this

scheme more feasible. Thereby significantly enhancing the variety of quantisation schemes available

at no additional cost for PolyLUT. This approach would allow for more tailored and potentially

more effective quantisation strategies, leveraging the unique characteristics of each neuron.

Another promising direction for future research would be to investigate the efficacy of applying
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the transform without its inverse, similar to the approach taken by Jung et al. [30]. The primary

reason for including the inverse transform is to decouple the transform from other network param-

eters, but this decoupling may not be necessary since the network parameters can simply learn

different relationships which incorporate the application of the transform when trained under a

QAT approach.

Furthermore, excluding the inverse transform opens up the possibility of combining the trans-

form with a ReLU activation to create a learnable activation function. This approach could

lead to more adaptable and efficient quantisation, potentially improving overall performance since

learnable activation functions have been demonstrated to enhance the capabilities of neural net-

works [40].

On the topic of activation functions, it would be interesting to experiment with an activa-

tion function that implements histogram equalisation. Layer activations are generally normally

distributed, which means that an activation function that incorporates the CDF of a normal dis-

tribution to equalise the input tensor may improve performance in quantised neural networks. This

is because the equalised distribution will have less aliasing post-quantisation and if applied to the

network from scratch (QAT), may result in higher accuracy. Unlike the implementation in Section

5.13, this scheme would not apply the inverse transform post quantisation.

6.4 Conclusions

The primary development of this project, the piecewise learnable transform, has demonstrated

significant accuracy improvements when applied to various networks for the jet substructure tagging

task. Networks with the transform enabled outperform those without it, even when the latter have

higher bit-widths. This indicates that learned quantisation allows the network to use its bits more

efficiently, resulting in better performance.

One of the most notable findings is the significant performance difference between networks

with and without the transform when using a PTQ approach, as discussed in Section 5.6. Net-

works trained with the transform maintained almost all of their accuracy after quantisation in

the hidden layer, a result not seen in networks without the transform unless the quantisation was

non-severe. PTQ is advantageous because it avoids the significant financial and computational

costs of retraining. However, the transform introduces a small computational cost during training,

as explained in Section 5.8. This cost is incurred only once since the transform needs to be trained
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at high precision only once. Subsequently, PTQ can be applied to lower precisions as needed,

avoiding the need for retraining with every new bit-width combination.

Furthermore, the results show that under a quantisation with retraining approach, there are

gains to be made through non-uniform quantisation of layer activations. The experiments in Section

5.5 highlight the advantages of using this approach, showing that there is a performance increase

compared to networks implemented with QAT from scratch, even with the transform disabled.

Finally, the initial developments of this project, discussed in Chapter 4, did not yield significant

advantages. These early schemes were fixed and non-parameterised, which prevented them from

adapting to the dataset. As a result, certain quantisation schemes, such as logarithmic quantisation,

might not have inherently benefited the network. Additionally, the limited testing regime, which

included only one dataset, means that the ineffectiveness of logarithmic quantisation and the other

schemes cannot be conclusively determined. These schemes might still be effective for other network

architectures and datasets. Therefore, broader testing across diverse datasets and architectures is

necessary to fully evaluate their potential.

In conclusion, despite facing several challenges, the project yielded positive results, demon-

strating a consistent improvement in test accuracy over the baseline. This improvement also led

to significant resource savings, a crucial factor in the field of LUT-based neural network design.

The insights gained from this project lay a solid foundation for future research. By addressing the

identified limitations and exploring the suggested avenues for further investigation, we can make

substantial advancements in the field of neural network quantisation.
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In general, this project does not have significant ethical concerns outside of those associated

with machine learning. However, there are a few key points that are important to consider.

7.1 Safety

Quantisation impacts the precision of a model which affects the performance of a model. As

a result, it is more important to thoroughly test quantised models to ensure that performance

degradation does not lead to unsafe outcomes, especially in critical applications like autonomous

vehicles or medical diagnosis systems.

Interpretability

The process of quantisation can make the internal workings of a model more opaque. This is because

quantisation results in reduced precision, which may lead to unexpected model behaviour that is

difficult to understand. This is especially critical in models that were originally designed with high

precision in mind, where small changes in weights or activations can significantly impact outcomes.
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Stakeholders should be informed about how quantisation might affect model interpretability.

Providing clear documentation and explaining features helps in developing transparency. This

is especially important in domains where understanding model decisions is critical. These areas

include healthcare, criminal justice, and financial services. Where model decisions can have sig-

nificant consequences, understanding the basis of these decisions is crucial. Stakeholders in these

industries might prefer a higher level of interpretability to trust and effectively use the models.

7.2 Ethical

Quantisation reduces the size and computational requirements of a model, as explained in Section

2.3. This has ethical advantages in that by reducing the cost of deploying a model, quantisation is

capable of reducing the amount of energy consumed to run inferences. This is an important issue,

as deploying large machine learning models can have significant environmental consequences [41].

As a result, there is an environmental benefit in implementing quantisation.

However, it can add computational overhead during the training phase. Especially in this

project’s implementation where each layer needs to compute a transform and inverse transform

which, as shown by the complexity analysis, can incur additional non-negligible computational load.

This increase in computation translates directly into higher energy consumption, contributing to

a larger carbon footprint. In a world increasingly aware of climate change and environmental

sustainability, the ethical implications of such increased energy demands are significant.
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Bitwidth Degree Transform Accuracy JSC-M-LITE Accuracy JSC-M
8-2-8 2 No transform 73.255 73.797
8-2-8 2 PW per tensor 73.378 74.33
8-2-8 2 PW per neuron - -
8-2-8 2 Simple per neuron 73.233 73.647
8-2-8 6 No transform 72.981 72.303
8-2-8 6 PW per tensor 74.417 74.26
8-2-8 6 PW per neuron - -
8-2-8 6 Simple per neuron - -
8-2-2 2 No transform 72.086 72.97
8-2-2 2 PW per tensor 72.292 73.637
8-2-2 2 PW per neuron - -
8-2-2 2 Simple per neuron - -
8-2-2 6 No transform 71.963 71.616
8-2-2 6 PW per tensor 73.511 73.649
8-2-2 6 PW per neuron - -
8-2-2 6 Simple per neuron - -
8-3-8 2 No transform 73.84 74.121
8-3-8 2 PW per tensor 73.962 74.741
8-3-8 2 PW per neuron 73.772 74.513
8-3-8 2 Simple per neuron 73.38 -
8-3-8 6 No transform 74.161 74.294
8-3-8 6 PW per tensor 74.769 74.851
8-3-8 6 PW per neuron - -
8-3-8 6 Simple per neuron - -
8-3-3 2 No transform 73.551 74.122
8-3-3 2 PW per tensor 73.59 74.494
8-3-3 2 PW per neuron 73.737 74.3
8-3-3 2 Simple per neuron - -
8-3-3 6 No transform 73.874 74.072
8-3-3 6 PW per tensor 74.331 74.568
8-3-3 6 PW per neuron - -
8-3-3 6 Simple per neuron - -
6-3-3 2 No transform 73.331 -
8-4-8 2 No transform 74.164 74.521
8-4-8 2 PW per tensor 74.317 74.995

Table A.1: Table of the maximum test accuracy across various network configurations.
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